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PREFACE 


The present work forms Part II of our History of 
Hindu Mathematics and is devoted to the history of 
Algebra in India. It is intended to be a source book, 
and the subject is treated topicwise. Under each topic’ 
ate collected together and set forth in chronological 
otder translations of relevant Sanskrit texts as found in 
the Hindu mathematical works. This plan necessitates 
a certain amount of repetition. But it shows to the 
1eader at a glance the improvements made from century 
to century 


To gather materials for the book we have examined : 
all the published mathematical treatises of the Hindus 
as well as most of the important manuscripts available in 
Indian libraries, a list of the most important of which 
has already been included in Part I. We have great 
pleasure in once more expressing our thanks to the autho- 
tities of the libraries at Madras, Bangalote, Trivandrum, 
Tripunithura, Baroda, Jammu, and Benares, and those 
of the India Office (London) and the Asiatic Society 
of Bengal for supplying transcripts of manuscripts or 
sending them to us for consultation. We ate indebted 
also to Dr. R. P. Paranjpye, Vice-Chancellor of the 
Lucknow University, for help in securing for our use 
several manuscripts or their transcripts from the State 
libraries in India and the India Office. 

In translating Sanskrit texts we have tried to be as 
literal and faithful as possible without sacrificing the 
spirit of the original, in order to preserve which we have 
at a few places used literal translations of Sanskrit tech- 
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nical terms instead of modern terminology. For in- 
stance, we have used the term ‘pulveriser’ for the equa- 
tion ax+dy=1, and the term ‘Square-nature’ for the 
equation INx?--c— y. 

The use of symbols—letters of the alphabet to de- 
note unknowns—and equations are the foundations 
of the science of algebra. The Hindus were the first 
to make systematic use of the letters of the alphabet to 
denote unknowns. They were also the first to classify 
‘and make a detailed study of equations. "Thus they may 
be said to have given birth to the modern science of 
algebra. 

A portion of the subject matter of this book has been 
available to scholars through papers by various authors 
and through Colebrooke's Algebra’ with Arithmetic and 
Mensuration from the Sanscrit of Brahmegupta and Bhas- 
cara, but about half of it is being presented here for the 
first time. For want of space it has not been possible 
to give a detailed comparison of the Hindu achievements 
in Algebra with those of other nations. For this the 
reader is referred to the general works on the history of 
mathematics by Cantor, Smith, and Tropfke, to Dixon’s 
History of the Theory of Numbers and to Neugebauer's 
Mathematische Keilschrift-Texte. A study of this book 
along with the above standard works will reveal to the 
reader the remarkable progress in algebra made by the 
Hindus at an early date. It will also show that we are 
indebted to the Hindus for the technique and the 
fundamental results of algebra just as we owe to them the 
place-value notation and the elements of our arithmetic. 

We have pleasure in expressing our thanks to Mr. 
T. N. Singh and Mr. Ahmad Ali for help in correcting 
proofs and to Mr. R. D. Misra for preparing the index 
to this volume. 

LuckNow BIBHUTIBHUSAN DATTA 
March, 1938 AVADHESH NARAYAN SINGH 
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CHAPTER III 
ALGEBRA 
1. GENERAL FEATURES 


Name for Algebra. The Hindu name for the 
science of algebra is biaganita. Bija means “element” ` 
or "analysis" and ganita “the science of calculation." 
Thus bfjaganita literally means “the science of calcula- 
tion with elements" or “the science of analytical 
calculation." The epithet dates at least as far back 
as the time of Prthidakasvami (860) who used it. 
Brahmagupta (628) calls algebra Auttaka-ganila, or 
simply &4/fakz.! The term kuttaka, meaning “‘pulve- 
riser’, refers to a branch of the science of algebra 
dealing particularly with the subject of indeterminate 
equations of the first degree. It is interesting to find 
that this subject was considered so important by the 
Hindus that the whole science of algebra was named 
after it in the beginning of the seventh century. Algebra 
is also called avyakta-ganita or “the science of calculation 
with unknowns” (avyakta=unknown) in contradistinc- 
tion to the name vyakta-ganita ot “the science of calcu- 
lation with knowns” (vyakta=known) for arithmetic 
including geometry and mensuration. 

Algebra Defined. Bhaskara II (1150) has defined 
algebra thus: 

"Analysis (bjs) is certainly the innate intellect 
assisted by the various symbols (rarna), which, for the 


See Bibhutibhusan Datta, “The scope and development 
of the Hindu Ganita," IHQ, V, 1929, pp. 479-512; particularly 
pp. 489f. 
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instruction of duller intellects, has been expounded 
by the ancient sages who enlighten mathematicians as 
the sun irradiates the lotus; that has now taken the name 
algebra (bfjagatita)."t 

That algebraic analysis’ requires keen intelligence 
and sagacity has been observed by him on more than 
one occasion. 

“Neither does analysis consist in symbols, nor are 
there different kinds of analyses; sagacity alone is ana- 
lysis, for wide is imagination."? 

“Analysis is certainly clear intelligence.” * 

“Or intelligence alone is analysis."4 

In answer to the question, “if (unknown quantities) 
are to be discovered by intelligence alone what then 
is the need of analysis ?"' he says: 

“Because intelligence is certainly the teal analysis; 
symbols are its helps. The innate intelligence which has 
been expressed for the duller intellects by the ancient 
sages, who enlighten mathematicians as the sun irradi- 
ates the lotus, with the help of various symbols, has 
now obtained the name of algebra.’ 


Thus, according to Bháskara II, algebra may be de- 
fined as the science which treats of numbers expressed by 
means of symbols, and in which there is scope and pri- 
mary need for intelligent artifices and ingenious devices. 


Distinction from Arithmetic. What distinguishes 
algebra from arithmetic, according to the Hindus, will be 
found to some extent in their special names. Both deal 
with symbols, But in arithmetic the values of the sym- 
bols are vya&ta, that is, known and definitely determinate, 


! BBi, p. 99. ? BBi, p. 49; SiSi, Gola, xiii. 5. 
3 L, p. 15; 5252, Gola, xiii. 3. * BBi, p. 49. 
5 BBi, p. 100. 
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while in algebra they are avyakta, that is, unknown, 
indefinite. The relation between these two branches 
of ganita is considered by Bháskara II to be this: 


“The science of calculation with unknowns is the 
source of the science of calculation with knowns.’ 


He has put it more explicitly and clearly thus: 


“Algebra is similar to arithmetic in respect of rules 
(of fundamental operations) but appears as if it were 
indeterminate, It is not indeterminate to the intelligent; 
it is certainly not sixfold,? but manifold.’ 


The true distinction between arithmetic and. algebra, 
besides that of symbols employed, lies, in the opinion 
of Bháskara I], in the demonstration of the rules. 
He remarks: 


“Mathematicians have declared algebra to be com- 
pend attended with demonstration: else there would 
e no distinction between arithmetic and algebra."* 


The truth of this dictum is evident in the treatment 
of the gana-karma in the Lilévati and the madhyamdéharana 
in the Bfjagami/s. Both are practically treatments of 
problems involving the quadratic equation. But 
whereas in the former are found simply the applica- 
tions of the well-known formule for the solution of 
such equations, in the latter is described also the rationale 
of those formula, Similarly we sometimes find included 
in treatises on arithmetic problems whose solutions 
require formule demonstrated in books on algebra. 
The method of demonstration 'has been stated to be 

“always of two kinds: one geometrical (Ase¢ragata) and 


1 BBs, 

? The sereno is to the six fundamental operations recognised 
in algebra as well as to the six subjects of treatment which are 
essential to analysis. 

3 L, p. 15. * BBi, p. 127. 
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the other symbolical (résigata).”"! We do not ‘know who 
was the first in India to use geometrical methods for 
demonstrating algebraical rules. Bháskara II (1150) 
ascribes it to “ancient teachers."? 

Importance of Algebra. The early Hindus regard- 
ed algebra as a science of great importance and utility. 
In the opening verses of his treatise? on algebra Brahma- 
gupta (628) observes: 

"Since questions can scarcely be known (je. 
solved) without algebra, therefore, I shall speak of 
algebra with examples. 

“By knowing the pulveriser, zero, negative and 
positive quantities, unknowns, elimination of the middle 
term, equations with one unknown, factum and the 
Square-nature, one becomes the learned professor 
(dcérya) amongst the learned,” 


Similarly Bhaskara II writes: 


“What the learned calculators (sé#khyaéh) describe as 
the originator of intelligence, being directed by a wise 
being (sa¢purusa) and which alone is the primal cause (/5jz) 
of all knowns (vyakéa), I venerate that Invisible God as 
well as that Science of Calculation with Unknowns... 
Since questions can scarcely be solved without the reason- 
ing of algebra—not at all by those of dull perceptions— 
I shall speak, therefore, of the operations of analysis.’’ 


1 BBi, p. 125. 2 BBi, p. 127. 

3 Forming chapter xviii of his Brábma-sphuta-siddhánta. 

4 BrSpSi, xviii. 1-2. 

5 In the first part of this passage every principal term has been 
used with a double significance. The term sdakhyah (literally, 
"expert calculators") signifies the "'Sámkhya philosophers” in 
one sense, “mathematicians” in the other; va/purusa “the self- 
existent being of the Samkhya philosophy” or “a wise mathema- 
tician”; vyakża “manifested universe” or “the science of calculation 
with knowns.” 
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Narayana (1350) remarks : 

“I adore that Brahma, also that science of calcula- 
tion with the unknown, which is the one invisible root- 
cause of the visible and multiple-qualitied universe, 
also of multitudes of rules of the science of calculation 
with the known." 

“As out of Him is derived this entire universe, 
visible and endless, so out of algebra follows the whole 
of arithmetic with its endless varieties (of rules). There- 
fore, I always make obeisance to Siva and also to 
(avyakta-) ganita (algebra)."? 

He adds : 


“People ask questions whose solutions are not 
to be found by arithmetic; but their solutions can 
generaly be found by algebra. Since less intelligent, 
men do not succeed in solving questions by the rules of 
arithmetic, I shall speak of the lucid and easily intelli- 
gible rules of algebra. "3 


Scope of Algebra. The science of algebra is broad- 
ly divided by the Hindus into two principal parts. Of 
these: the most important one deals with analysis (biz). 
The other part treats of the subjects which are essential 
for analysis. They are: the laws of signs, the arith- ^ 
metic of zero (and infinity), operations with unknowns, ` 
surds, the pulveriser (or the indeterminate equation of 
the first degree), and the Square-nature (or the so-called 
Pellian equation). To these some writers add con- 
currence and dissimilar operations, while others include 
them in arithmetic. At the end of the first section 
of his treatise on algebra Bháskara II is found to have 


1 NB; I, R. 1. 2 NB, Il, R. 1. 

3 NB; I, R. 5-6. 

4 All writers, except Brahmagupta and Sripati, are of the latter 
. Opinion. 
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observed as follows : 

“(The section of) this science of calculation which is 
essential for analysis has been briefly set forth. Next 
I shall propound analysis, which is the source of pleasure 
to the mathematician."'! 

Analysis is stated by all to be of four kinds, for 
equations are classified into four varieties (vide infra). 
Thus each class of equations has its own method of 
analysis. 

' Origin of Hindu Algebra. The origin of Hindu 
algebra can be definitely traced back to the period of 
the faba (800-500 B.C.) and the Bréhmana (¢. 2000 
B.C). But it was then mostly geometrical? The 
geometrica] method of the transformation of a square 
into a rectangle having a given side, which is described 
in the important S/ba is obviously equivalent to the 
solution of a linear equation in one unknown, vig., 

ax = ¢*, 

The quadratic equation has its counterpart in the cons- 
truction of a figure (an altar) similar to a given one but 
differing in area from it by a specified amount. The usual 
method of solving that problem was to increase the 
unit of measure of the linear dimensions of the figure. 
One of the most important altars of the obligatory Vedic 
sacrifices was called the Mahévedi (the Great Altar). 
It has been described to be of the form of an isosceles 
trapezium whose face is 24 units long, base 30 and 
altitude 36. If x be the enlarged unit of measure taken 
in increasing the size of the altar by 7 units of area, we 
must have 


sox x GC 50%) Lig GAT 39) i m, 


1 BBi, p. 45. 
2 Bibhutibhusan Datta, The Science of the Sulba, Calcutta, 1932. 
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or 972x? = 972 + 9. 


Therefore =\/ ES 
x i+ 972 


If m be put equal to 972 (v—1), so that the area of 
the enlarged altar is 7 times its original area, we get 


x =V, 
some particular cases of which are described in the 
Sulba! The particular cases, when 5s = 14 or 142, are 
found as early as the Sztapatha Brábmaga! (c. 2000 B.C.). 
The most ancient and primitive form of the ‘‘Fire- 
altar for the sacrifices to achieve special objects" was 
the Syenacit (or “the altar of the form of the falcon”). 


Fig. 1. 
Its body (ABCD) consists of four squares of one square 
purusa each; each of its wings (EFGH, E'F'G'H^) is a 
rectangle of one purusa by one purusa and a prádefa 
(=1/10 of a purusa). This Fire-altar was enlarged in 


1 $Br, X. 2 3. 78. 
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two ways: first, in which all the constituent parts were 
affected in the same proportion ; second, in which the 
breadth of the portions LFGM and L'F'G'M' of the 
wings were left unaffected. If x be the enlarged unit 
for enlargement in the first case we shall have to solve 
the quadratic equation 


2x X 2x + 24 xx GT) le xXx (x+ ~)=78 +m, 
where m denotes the increment of the Fire-altar in.size. 


Therefore x? = 1 + =. 


In particular, when 7 = 94, we shall have 
x? — 13,8 = 14 (approximately), 
which occurs in the Satapatha Brábmana. 


In the second case of enlargement the equation for 
x will be 


ax X 2x + 26e X(x + 32) x X Qe 4-45) = 734+ 7, 
or 7x7 + x = 7h + Mm, 
which is a complete quadratic equation. 


The problem of altar construction gave rise also 
to certain indeterminate equations of the second degree 
such as, 


(2) xt tmi 
(2) x24 s? 
and simultaneous indeterminate equations of the type 
ax + by + ix + dw = p, 
x tyt ety =¢q. 


Further particulars about these equations will be 
given later on. 
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2. TECHNICAL TERMS 


Coefficient. In Hindu algebra there is no syste- 
matic use of any special term for the coefficient. 
Ordinarily, the power of the unknown is mentioned 
when the reference is to the coefficient of that power. 
In explanation of similar use by Brahmagupta his 
commentator Prthüdakasvámi writes “the number 
(atika) which is the coefficient of the square of the 
unknown is called the ‘square’ and the number which 
forms the coefficient of the (simple) unknown is called 
‘the unknown quantity.'"! However, occasional use 
of a technical term is also met with. Brahmagupta once 
valls the coefficient sankhyé* (number) and on several 
other occasions gunaka, Ot gunakéra (multiplier). 
Prthüdakasvámi (860) calls it arkst (number) or 
prakrti (multiplier). These terms reappear in the works 
of Sripati (1039)® and Bháskara I1 (1150).6 The former 
also used rZpa tor the same purpose,’ 


Unknown Quantity. The unknown quantity 
was called in the Sthdndyga-sitra® (before 300 B.C.) 
ydvat-tdvat (as many as or so much as, meaning 
an arbitrary quantity). In the so-called  Bakhsháli 
treatise, it was called yadrechd, váficbá or kdmika (any 
desired quantity). This term was originally connected 
with the Rule of False Position.!? Aryabhata I (499) 


1 BrSpSi, xviii. 44 (Com). 2 BrSpSi, xviii. 63. 

3 BrSpSi, xvii. 64, 69-71. 4 BrSpSi, xviii. 44 (Com). 

5 SiSe, xiv. 33-5. * BBi, pp. 33-4. 

7 SiSe, xiv. 19. 

8 Stra 747; «f. Bibhutibhusan Datta, “The Jaina School 
of Mathematics," BCMS, XXI, 1929, pp. 115-145; particularly 

. 122-3. : : ; 

m ? BMs, Folios 22, verso; 23, recto & verso. 

19 Bibhutibhusan Datta, ‘“The Bakshsháli Mathematics," BCMS, 
XXI, pp. 1-60; particularly pp. 26-8, 66. 
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calls the unknown quantity 4&4 (shot). This term 
strongly leads one to suspect that the shot was probably 
then used to represent the unknown. From the begin- 
ning of the seventh century the Hindu algebraists ate 
found to have more commonly employed the term 
avyakta (unknown)! 


Power. The oldest Hindu terms for the power of a 
quantity, known or unknown, are found in the Uz/arZ- 
dhyayana-shtra (c. 300 B.C. or earlier). In it the second 
power is called varga (square), the third power ghana 
(cube), the fourth power varga-varga (square-squate), 
the sixth power ghana-varga (cube-square), and the 
twelfth power ghana-varga-varga (cube-square-squate), 
using the multiplicative instead of the additive principle. 
In this work we do not find any method for indicat- 
ing odd powers higher than the third. In later times, 
the fifth power is called varga-ghana-ghdta (product of 
cube and square, ghéta=product), the seventh power 
PEE (product of square-square and 
cube) and so on. Brahmagupta’s system of expressing 
powers higher than the fourth is scientifically better. 
He calls the fifth power pañca-gata (literally, raised to 
the fifth), the sixth power sad-gata (raised to the sixth) ; 
similarly the term for any power is coined by adding 
the suffix gafa to thé name of the number indicating that 
power. Bháskara II has sometimes followed it consis- 
tently for the powers one and upwards. .In the 
"Anuyogadvára-sfitra?, a work written before the com- 
mencement of the Christian Era, we find certain interest- 
ing terms for higher powers, integral as well as fractional, 
particularly successive squares (varga) and squate-roots 
(varga-mfila). According to it the term prathama-varga 


1 BrSpSi, xviii. 2, 41; S/Se, xiv. 1-2; BBi, pp. 7ff. 
p PP: 7 


? Chapter xxx, 10, 11. 3 Br$557, xviii. 41, 42. 
4 BB, p. 56. 5 Sitra 142. 
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(first square) of a quantity, say a, means a?; dvizfyavarga 
(second square) = (43)? = at; trtiya-varga (third square) 
= ((2*)2)? = a8; and so on. In general, 
ath varga of a = g2*9*2* .. to n tems — 72”, 

Similarly, prathama-varga-mila (first square-root) means 
Va; dvitiya-varga-miéla (second square-root) = V (V a) 
== 414; and, in general, 

nth varga-mfla of a = QV", 
Again we find the term ¢rttya-varga-mila-ghana (cube 
of the third square-root) for (1/753 — 43/8, 


The term varga for “square” has an interesting 
origin in a purely concrete concept. The Sanskrit word 
varga literally means "rows," or "troops" (of similar 
things). Its application as a mathematical term 
originated in the graphical representation of a square, 
which was divided into as many varga or troops of small 
squares, as the side contained units of some measure.! 


Equation. The equation is called by Brahma- 
gupta (628) sama-karana* or sami-karana® (makin 
equal) or mote simply sama* (equation). Prthüda- 
kasvami (860) employs also the term sdmya® (equality 
or equation); and Sripati (1039) sadrs#-karana® (making 
similar). Narayana (1350) uses the terms sami-karana, 
Sémyaand samatva (equality).? An equation has always 
two paksa (side). This term occurs in the works of 


1 G. "Thibaut, Sw/ba-sétras, p. 48. Compare also Bibhutibhusan 
Datta, “On the origin of the Hindu terms for root," Amer. Math, 
Mon., XXXVIII, 1931, pp. 371-6. 

2 BrSpSi, xviii. 63. 

3 BrSpSi, xviii, subheading for the section on equations. 

4 BrSpSi, xviii. 43. 

5 BrSpSi, xii. 66 (Com). 

6 $250, xiv. 1. 

1 NBi, Il, R. 2-5. 
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Sridhara (rv. 750), Padmanábha! and others.? 

Absolute Term. In the Bakhshali treatise? the 
absolute term is called Zr£ys (visible). In later Hindu 
algebras it has been replaced by a closely allied term 
rába* (appearance), though it continued to be employed 
in treatises on arithmetic. Thus the true significance 
. of the Hindu name for the absolute term in an algebraic 
equation is obvious. It represents the visible or known 
portion of the equation while its other part is prac- 
tically invisible or unknown. 


3. SYMBOLS 


. Symbols of Operation. There are no special 
symbols for the fundamental operations in the Bakh- 
sháli. work. Any particular operation intended is 
ordinarily indicated by placing the tachygraphic abbre- 
viation, the initial syllable of a Sanskrit word of that 
import, after, occasionally before, the quantity affected. 
Thus the operation of addition is indicated by ya (an 
abbreviation from yuta, meaning added), subtraction 
by + which is very probably from &sa (abbreviated from 
ksaya, diminished), multiplication by ga (from guna 
or guri/a, multiplied) and division by 554 (from bhdga ot 
bhéjita, divided). Of these again, the most systemati- 
cally employed abbreviation is that for the operation of 
subtraction and next comes that of division. In the 
case of the other two operations the indicatory words 


1 The algebras of Sridhara and Padmanábha are not available 
now. But the term occurs in quotations from them by Bhás- 
kara II (BBz, pp. 61, 67). 

2 Br $557, xviii. 43.(Com); 15e, xiv. 14, 20; BBi, pp. 43-4. 

3 BMs, Folio 23,-verso; Folio 70, recto and verso (c). 

4 BrSpSi, xviii. 43-4; SiSe. xiv, 14, 19; etc. 

5 Trif, pp. 11, 12. 
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ate often written in full, or altogether omitted. In 
the latter case, the particular operations intended to 
be carried out are understood from the context. 
We take the following instances from the Bakhsháli 
Manusctipt : 


ELE X 13 and ™ yu! noa 
(i) , , 2^ means Qo qan , J^, means — uos 


(ii)? 


3333333 2 means 3X3X3X3X5X3 
IIIIIIIJ ITI X353X!IO. 


2 5 7 |4,,? 
LIMES 


di o | 13 
1 
means ) 
sc [so §) — 2h + fsa + 9) — EI 
+ fax + a) — 98). 


(iv)? [x x1 1 dba) 36 36 
Iti 1 means es 
nep G-IXC-DG- DOT 
(v)® | 40 bhá || 160] 13 160 F 
I I I | means — X 133. 
2 40 


In later Hindu mathematics the symbol for subtrac- 
tion is a dot, occasionally a small circle, which is placed 
above the quantity, so that 7 or 7 means —7; other 
operations are represented by simple juxtaposition. 


1 Folio 59,. recto. ? Folio 47, recto. 

* Folio 25, verso. The beginning and end of this illustration 
are mutilated but the restoration is certain. 

* Folio 13, verso. 5 Folio 42, recto. 
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‘Bhaskara II (1150) says, “Those (known and unknown 
numbers) which are negative should be written with a 
dot (bindu) over them.”? A similar remark occurs in the 
algebra of Náráyana (1550)? Their silence about 
symbols of other fundamental operations proves their 
non-existence. 

Origin of Minus Sign. The origin of ' ot ° as 
the minus sign seems to be connected with the Hindu 
symbol for the zero, o. It is found tc have been used 
as the sign of emptiness or omission in the early Bakh- 
sháli treatise as well as in the later treatises on arithmetic 
(vide infra)? It is placed over the number affected in 
order to distinguish it from its use in a purely numerical 
significance when it is placed beside the number. The 
origin of the Bakhsháli minus sign (-+ ) has been the 
subject of much conjecture. "Thibaut suggested its 
possible connection with the supposed Diophantine 
negative sign d (reversed w, tachygraphic abbreviation 
for Aes meaning wanting). Kaye believes it. The 
Greek sign for minus, however, is not à, but ^. It is 
even doubtful if Diophantus did actually use it; or 
whether it is as old as the Bakhsháli cross.4 Hoernle® 
presumed the Bakhsháli minus.sign to be the abbrevia- 
tion a of the Sanskrit word kanita, ot nu (or nf) of nytina, 
both of which mean diminished and both of which 
abbreviations in the Brahmi characters would be denoted 
by a cross. Hoernle was right, thinks Datta,® so far as 
he sought for the origin of + in a tachygraphic abbre- 
viation of some Sanskrit word. But as neither the 
word anita nor nyfina is found to have been used in the 
Bakhsháli work in connection with the subtractive 


1 BBi, p. 2. 2 NBi, I, R. 7. 

3p. 16. 1 Cf. Smith, History, II, p. 396. 
5 TA, XVII, p. 34. 

$ Datta, Ba&b. Math., (BCMS, XXI), pp. 17-8. 
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operation, Datta finally rejects the theory of Hoernle 
and believes it to be the abbreviation &sz, from saya 
(decrease) which occurs several times, indeed, more 
than any other word indicative of subtraction. The 
sign for sa, whether in the Brahmi characters or in 
Bakhsháli characters, differs from the simple cross (+ ) 
only in having a little flourish at the lower end of the 
vertical line. The flourish seems to have been dropped 
subsequently for convenient simplification. 

Symbols for Powers and Roots. The symbols 
for powers and roots are abbreviations of Sanskrit 
words of those imports and are placed after the number 
affected. Thus the square is represented by va (from 
varga), cube by gha (from ghana), the fourth power by 
va-va (from varga-varga), the fifth power by va-gha-ghd 
(from varga-ghana-ghdta), the sixth power by gha-va (from 
‘ghana-varga), the seventh power by va-va-gha-ghé (from 
varga-varga-ghana-ghéta) and so on. The product of two 
or more unknown quantities is indicated by writing P5 
(from bhdvita, product) after the unknowns with or with- 
out interposed dots ; e.g., yéva-kdgha-bha or yavakaghabhéd 
means (34)? (kA. In the Bakhsháli treatise the square- 
root ofa quantity is indicated by writing after it m4, 
which is an abbreviation for w#/a (root). For instance, 


II ya 5 mh 4 
1 I 1| means vir 3-5 — 4 


and II 7+ má 2 
I I I| means Vir — 7 — 2. 
In other treatises the symbol of the square-root 


is ka (from &arapí, root or surd) which is usually placed 
before the quantity affected. For example,? ka 9 ka 450 


1 Folio 59, recto; compare also folio 67, verso. 
? BBi, p. 15. 
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ka 75 ka 54 means V'9-- V450 J- V 75 d- V 54. 

Symbols for Unknowns. In the Bakhshali 
tréatise there is no specific symbol for the unknown, 
Consequently its place in an equation is left vacant 
and to indicate it vividly the sign of emptiness is put 
there. For instance,! 


d H 
|: 2/3 [4 sa means x-4 2x-+3x-44x= 200. 


The use of the zero sign to mark a vacant place 
is found in the arithmetical treatises of later times when 
the Hindus had a well-developed system of symbols 
for the unknowns. Thus we find in the Trifatikd® of 
Sridhara (v. 750) the following statement of an arithme- 
tical progression whose first term (Adi) is 20, number 
of terms (gacchah) 7, sum (ganitam) 245 and whose com- 
mon difference (u//arap) is unknown: 

| édib 20 | 4 o | gacchab 7 | ganitam 245 | 

This use of the zero sign in arithmetic was consi- 
dered necessary as algebraic symbols could not be 
used there. Lack of an efficient symbolism is bound 
to give rise to a certain amount of ambiguity in the re- 
presentation of an algebraic equation especially when 
it contains more than one known. For instance, in? 


o 5 4 mh o xx JE E wá o 
1 I I I I I 


which means 
Vx +5 = sand Vx— 7 —f, 


different unknowns have to be assumed at different 
vacant places. 


1 BMs, Folio 22, verso. ? Tris, p. 29. 
3 BMs, Folio 59, recto. 
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To avoid such ambiguity, in one instance which 
contains as many as five unknowns, the abbreviations of 
ordinal numbers, such as pra (from prathama, first), 
dvi (ftom dvitfya, second), tr (from  ;rifya, third), ca 
(from caturtha, fourth) and pam (from paficama, fifth), 
have been used to represent the unknowns; ¢.g.,! 


9 prah 7 dvi | 10fr| 8 ca 11 pani yutam játam 
i pratyaika- 
kramena 


7 dw | iotr | 8¢a\11 pam| 9 pra |16[17|18|19]20 


which means 

zal = 9) + x = 7) = 16; xa = 7) + xy = 10) = 17; 
x = 10) + x = 8) = 18; x4( = 8) + x;( = 11) = 19; 
Xe = 11) + x (= 9) = 20. 


Arvabhata I (499) very probably used coloured shots 
to represent unknowns. Brahmagupta (628) mentions 
varna as the symbols of unknowns.? As he has not at- 
tempted in any way to explain this method of symbolism, 
it appears that the method was already very familiar. 
Now, the Sanskrit word varga means "colour" as 
well as “letters of the alphabet,” so that, in later times, 
the unknowns are generally represented by letters of 
the alphabet or by means of various colours such as 
kélaka (black), nilaka (blue), etc. Again in the latter 
case, for simplification, only initial letters of the names 
are generally written. Thus Bháskara II (1150) observes, 
“Here (in algebra) the initial letters of (the names of) 
knowns and unknowns should be written for implying 
them."3 It has been stated before that at one time 
the unknown quantity was called ydvat-tdrat (as many 


1 Folio 27, verso. 2 BrSpSi, xviii. 2, 42, 51, etc. 
3 BBi, p. 2; seé also NB/, I, R. 7. 
2 
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as, so much as) n later times this name, or its 
abbreviation yd, is used for the unknown. According 
to the celebrated Sanskrit lexicographer Amarasimha 
(c. 400 A.D.), yévat-távat denotes measure or quantity 
(mâna). He had probably in view the use of that term 
in Hindu algebra to denote “‘the measure of an unknown" 
(avyakta mana). Inthe case of more unknowns, it is 
usual to denote the first by yévat-tdvat and the remaining 
ones by alphabets or colours. Prthüdakasvámi (860) 
Says: 

"In an example in which there are two or more 
unknown quantities, colours such as ydvat-tdvat, etc., 
should be assumed for their values,” 

- He has, indeed, used the colours &é/aka (black), nélaka 
(blue), pitaka (yellow) and haritaka (green). 
Sripati (1039) writes; 

“Y dvat-tévat (so much as) and colours such as Ad/aka 
(black), nilaka (blue), etc., should be assumed for the 
unknowns."? 

Bháskara II (1150) says: - 

*Yávat-tdvat (so much as), Rélaka (black), sata 
(blue), pita (yellow), /ohita (red) and other colours 
have been taken by the venerable professors as 
notations for the measures of the unknowns, for the 
purpose of calculating with them.’ : 

"In those examples where occur two, three or 
more unknown quantities, colours such as ydvat-tdvat, 
etc., should be assumed for them. As assumed by 
the previous teachers, they are: ydvat-tdvat (so much 
as) kélaka (black) nilaka (blue), pitaka (yellow), 
lobitaka (red), haritaka (green), svetaka (white), citraka 


1 BrSpSi, xviii. 51 (Com). 2 SiSe, xiv. 2. 
* BBj, p. 7. 
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(variegated), kapilaka (tawny), pifigala&a (reddish-brown), 
dhimraka (smoke-coloured), pdtalaka (pink), savalaka 
(spotted), syémalaka (blackish), mecaka (dark blue), 
etc. Or the letters of alphabets beginning with 4a, 
should be taken as the measures of the unknowns in 
order to prevent confusion.”? 


The same list with a few additional names of colours 
appears in the algebra of Náráyana.? This writer has 
further added,  . 

“Or the letters of alphabets (varpa) suth as 
ka, etc., ot the series of flavours such as madhura 
(sweet), etc., or the names of dissimilar things with un- 
like initial letters, are assumed (to represent the 
unknowns).” 

Bháskara II occasionally employs also the tachygra- 
phic abbreviation of the names of the unknown 
quantities themselves in order to represent them in an 
equation. For example in the following 


5 må I ni IH iva 
1 aa 7 ni IH va 
I ma I nî 97 "H iva 
1 mwa I nt IH 2Vva 


ma stands for mdpikya (ruby), nf for (éndra-)nila (sapphire), 
mu for muktápbala (pearl) and va for (sad)vajra (diamond). 
He has observed in this connection thus: 


"(The maxim), ‘colours such as ydvat-tdvat, etc., 
should be assumed for the unknowns,’ gives (only) one 
method of implying (them). Here, denoting them 


1 BBi, pp. 76f. 

? NBi, Í, R. 17-8. These verses have been quoted by Mura- 
lidhara Jha in his edition of the Bijagami/a of Bháskara II (p. 7, 
footnote 5). 

* BBs, p. 50; compare also p. 28. 
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by names, the equations may be formed by the intelli- 
gent (calculator). 

It should be noted that yévat-tdvat is not a varpa 
(colour or letter of alphabet) So in its inclusion in 
the lists of varpa, as found enumerated in the Hindu 
algebras—though apparently anomalous—we find the 
persistence of an ancient symbol which was in vogue 
long before the introduction of colours to represent 
unknowns. To avoid the anomaly Muralidhara Jha 
has suggested the emendation yévakastdvat (ydvaka 
and also; yávz&a = red) in the place of ydvat-tdvat, 
as found in the available manuscripts. He thinks 
that being misled by the old practice, the expression 
JévaEastávat was confused by copyists with ydvat-tdvat. 
In support of this theory it may be pointed out that 
Jávaka is found to have been sometimes used by 
Prthà lakasvámi to represent the unknown.? Bhaskara 
II has once used simply yévat.3 Narayana used it on 
several occasions. The origin of the use of names of 
colours to represent unknowns in algebra is very pro- 
bably connected with the ancient use of differently 
coloured shots for the purpose. 


4 LAWS OF SIGNS 


Addition. Brahmagupta (628) says: 

“The sum of two positive numbers is positive, 
of two negative numbers is negative; of a positive 
and a negative number is their difference."4 
Mahávira (850): 

“In the addition of a positive and a negative number 

1 See the Preface to his edition of Bháskara's Bijaganita. 


? BrSpSi, xii. 15 (Com); xii. 18 (Com). 
3 BBi, p. 5o. 4 BrSpSi, xviii. 30. 
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(the result) is (their) difference. The addition of two 
positive or two negative numbers (gives) as much posi- 
tive or negative numbers respectively." 

Sripati (1039): 

“In the addition of two negative or two positive 
numbers the result is their sum; the addition of a posi- 
tive and a negative number is their difference"? 

“The sum of two positive (numbers) is positive; 
of two negative (numbers) is negative; of a positive 
and a negative is their difference and the sign of the 
difference is that of the greater; of two equal positive 
and negative (numbers) is zero."? 


Bháskara Il (1150): 
"In the addition of two negative or two positive 


numbers the result is their sum; the sum of a positive 
and a negative number is their difference,”4 
Narayana (1350): 

"In the addition of two positive or two negative 
numbers the result is their sum; but of a positive and a 
negative number, the result is thetr difference; subtract- 
ing the smaller number from the greater, the remainder 
becomes of the same kind as the latter."* 


Subtraction. Brahmagupta writes: 


"From the greater should be subtracted the smaller; 
(the final result is) positive, if positive from positive, 
and negative, if negative from negative. If, however, 
the greater is subtracted from the less, that difference 
is reversed (in sign), negative becomes positive and ` 
positive becomes negative. When positive is to be 
subtracted from negatiye or negative from positive, 


1 GSS, i. sorte 2 SiSe, xiv. 3. 


3 Sife, iii. 28. 3 BE, p. 2. 
5 NBI, T, R. 8. 
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then they must be added together." 
Mahávira: 
“A positive number to be subtracted. from another 


number becomes negative and a negative number to be 
subtracted becomes positive"? 


Sripati: 
“A positive (number) to be subtracted becomes 


negative, a negative becomes positive; (the subsequent 
operation is) addition as explained before.’ 


Bháskara IT: 


“A positive (number) while being subtracted be- 
comes negative and a negative becomes positive; then 
addition as explained before."* 

Narayana: 

“Of the subtrahend affirmation becomes negation 
and negation affirmation; then addition as described 
before."'5 

Multiplication. Brahmagupta says: 

“The product of a positive and a negative (number) 
is negative; of two- negatives is positive; positive mul- 
tiplied by ‘positive is po-itive.’’6 
Mahavira: 

“In the multiplication of two negative or two 
positive numbers the result is positive; but it is negative 
in the case of (the multiplication of) a positive and a 
negative number.””? 

Sripati: 


“On multiplying two negative or two positive 


1 BrSpSi, xviii. 31-2. * GSS, 1. 51. 

? SiSe, Xiv. 3. * BBs, p. 3. 

5 NB, I, R. 9. è BrSpSi, xviii. 33. 
? GSS, i. 50. 
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numbers (the product is) positive; in the multiplication 
of positive and negative (the result is) negative.” 


Bhaskara H: 


“The product of twó positive or two negative 
(numbers) 1s positive; the product of positive and nega- 
tive is negative."? 


The same rule is stated by Narayana.® 
Division. Brahmagupta states: 


"Positive divided by positive or negative divided 
by negative becomes positive. But positive divided 
by negative is negative and negative divided by posi- 
tive remains negative. d 


Mahavira: 


“In the division of two negative or two positive 
numbers the quotient is positive, but it is negative in 
the case of (the division of) positive and negative.” 


Sripati: 

“On dividing negative by negative or positive by 
positive, (the quotient) will be positive, (but it will be) 
otherwise in the case of positive and negative.’’6 


Bháskara II simply observes: “In the case of divi- 
sion also, such are the rules (¢.¢., as in the case of 
multiplication).”? Similarly Narayana remarks, “What 
have been implied in the case of multiplication of 
positive and negative numbers will hold also in the 
case of division.’’® 


Evolution and Involution. Brahmagupta says: 
` “The square of a positive or a negative number is 


1 $£fe, xiv. 4. ? BBi, p. 3. 

3 NB, I, R. 9. 4 BrSpSi, xviii. 34. 
GSS, i. 5o. € $252, xiv. 4. 

7 BBs, p. 5. 8 NB; I, R. 10 
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positive. ... The (sign of the) root is the same as was 
that from which the square was derived"! 


As regards the latter portion of this rule the com- 
mentator Prthüdakasvámi (860) remarks, “The square- 
root Should be taken either negative ot positive, as will 
be most suitable for subsequent operations to be carried 
on.” 


Mahavira: 


“The square of a positive or of a negative number 
is positive: theit square-roots ate positive and negative 
respectively. Since a negative number by its own 
nature is not a square, it has no square-root."? 

Sripati: : 

“The square of a positive and a negative number 
is positive. It will become what it was in the case of 
the square-root. A negative number by itself is non- 
square, sO its square-root is unreal; so the rule (for the 
square-root) should be applied in the case of a positive 
number.’ 


Bháskara II: 


“The square of a positive and a negative number is 
positive; the square-root of a positive number is positive 
as well as negative. There is no square-root of a nega- 
tive number, because it is non-square."* 

Náráyana: 

“The square of a positive and a negative number is 
positive. The square-root of a positive number will 
be positive and also negative. It has been proved that 
a negative number, being non-square, has no square- 
root." 5 


1 BrSpSi, xviii. 35. 2 GSS, i. 52. 
3 §iSe, xiv. 5. * BBi, p. 4. 
5 NBi, I, R. 10. 
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5. FUNDAMENTAL OPERATIONS 


Number of Operations. The number of funda- 
mental operations in algebra is recognised by all Hindu 
algebraists to be six, wz., addition, subtraction, multi- 
plication, division, squaring and the extraction of the 
square-root. So the cubing and the extraction of the 
cube-root which are included amongst the fundamental 
operations of arithmetic, are excluded from algebra. . 
But the formula 

(a + bP = a3 + 30% + 3ab% + B, 

or (a + DÈ = a + 3ab(a + b) +- B, 
1s found to have been given, as stated before, in almost 
all the Hindu treatises on arithmetic beginning with that 
of Brahmagupta (628). By applying it repeatedly, Maha- 
vira indicates how to find the cube of an algebraic ex- 
pression containing more than two terms; thus 


(atbtetd+...) 

= @8+30b4+ec+d+....)+3eb+e+d+...) 
+(b+e+d4+....}, 

=@8+ 32%b+e4+d+....)+3ab+e4+d+...) 


+ P+ 3hPe+d+...)+36¢+d+...... P 
eS e ive) 
and so on. 


Addition and Subtraction. Brahmagupta says: 


"Of the unknowns, their squares, cubes, fourth 
powers, fifth powers, sixth powers, etc., addition and 
subtraction are (performed) of the like; of the unlike 
(they mean simply their) statement severally."! 


Bháskara II: 
* Addition and subtraction are performed of those 


1 BrSpSi, xviii. 41. 
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of the same species (4/7) amongst unknowns; of different 
species they mean their separate statement.""! 
Náráyana: 

“Of the colours or letters of alphabets (represent- 
ing the unknowns) addition should be made of those 
which are of the same species; and similarly sub- 
traction. In the addition and subtraction of those of 
different species the result will be their putting down 
severally."? 

Multiplication. Brahmagupta says: 


“The product of two like unknowns is a square; 
the product of three or more like unknowns is a power 
of that designation. The multiplication of unknowns 
of unlike species is the same as the mutual product of 
symbols; it is called bhévita (product or factum)."? 


Bháskara II writes: 


“A known quantity multiplied by an unknown 
becomes unknown; the product of two, three or more 
unknowns of like species is its square, cube, etc.; and the 
product of those of unlike species is their bhdvita. 
Fractions, etc., are (considered) as in the case of knowns; 
and the rest (7.e., remaining operations) will be the same 
as explained in arithmetic. The multiplicand is put 
down separately in as many places as there are terms in 
the multiplier and is then severally multiplied by those 
terms; (the products are then) added together according 
to the methods indicated before. Here, in the squaring 
and multiplication of unknowns, should be followed the 
method of multiplication by component parts, as ex- 
plained in arithmetic.” 

The same rules are given by Narayana. The fol- 


1 BBi, p. 7. 2 NBi, I, R. 19. 


3 BrSpSi, xviii. 42. 2 BB;, p. 8. 
5 NB;, I, R. 21-2. 
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lowing illustration amongst others, is given by Bhás- 
kara 1l: 

“Tell at once, O learned, (the result) of multiply- 
ing five ydvat-tévat minus one known quantity by three 
yavat-tévat plus two knowns. 

“Statement: Multiplicand 52 5 rå i; multiplier Jd 3 
rů 2; on multiplication the product becomes Ja va 15 
yâ 7 rá zn 

The detailed working of this illustration is shown 
by the commentator Krsna (c. 1580) thus: 


“yä z| yäş r&üi| yávat1s ya 3 
ri2z\yad5 rhi yao r2, 


Jáva1i; yd 7 rh2 
Division.  Bháskara II states: 


“By whatever unknowns and knowns, the divisor 
is multiplied (severally) and subtracted from the divi- 
dend successively so that no residue is left, they cons- 
titute the quotients at the successive stages.’ 

Narayana describes the method of division in 
nearly the same terms. As an example of division, 
Bháskara Il proposes to divide 18x? + 24xy — 12x7 
— 12x -+ 8y? — 89x — 8y + zx? E 4z+2 by — 3% 
— 2y - z-F 1. He simply states the quotient without 
indicating the different steps in the process. Krsna 
supplies the details of the process which are substantially 
the same as followed at present. 

Squaring. Only one rule for the squaring of an 
algebraic expression is found in treatises on algebra. 
It is the same as that stated before in the treatises on 
arithmetic, rig., 


(a + b =a? + b2 + zab; 


1 BBs, p. 8. ? BB, p. 9. 
3 NBj, I, R. 25. 
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ot, in its general form, 
(atbtetd+...2P=@+4+824 24+ d+...+25 ab. 


Square-root. For finding the squate-root of an 
algebraic expression Bháskara II gives the following 
rule: 


"Find the square-root, of the unknown quantities 
which are squares; then deduct from the remaining terms 
twice the products of those roots two and two; if there 
be known terms, proceed with the remainder in the same 
way after taking the square-root of the knowns."1 
Narayana says: 

“First find the root of the square terms (of the given 
expression); then the product of two and two of them 
(roots) multiplied by two should be subtracted from the 
remaining terms; (the result thus obtained) is said to be 
the square-root here (in algebra)."? 

Jüánarája writes: 

“Take -the square-root of those (terms) which are 
capable of yielding roots; the product of two and two of 
these (roots) multiplied by two should be deducted from 
the remaining terms of that square (expression); the re- 
sult will be the (required) root, so say the experts in 
this (science).” 


6. EQUATIONS 


Forming Equations. Before proceeding to the 
actual solution of an equation of any type, certain preli- 
minary operations have necessarily to be carried out 
in order to' prepare it for solution. Still more preli- 
minary work is that of forming the equation (saz- 
Karapa, samí-kára ot sami-kriyd; from sama, equal and 


1 BBi, p. 10. 2 NB, I, R. 24. 


Pune Mathematical Physics 


EQUATIONS 29 


kr, to do; hence literally, making equal) from the condi- 
tions of the proposed problem. Such preliminary 
work may require the application of one or more funda- 
mental operations of algebra ort arithmetic. The 
operations preliminary to the formation of a simple. 
equation have been described by Prthüdakasvámi (860) 
thus: 


“In this case, in the problem proposed by the ques- 
tioner, ydvat-tdvat is put for the value of the unknown 
quantity; then performing multiplication, division, etc., 
as required in the problem the two sides shall be care- 
fully made equal. The equation being formed in this 
way, then the rule (for its solution) follows." 


Bháskara II's descriptions are fuller: He says: 


“Let ydvat-tdvat be assumed as the value of the un- 
known quantity. Then doing precisely as has been speci- 
fically told—by subtracting, adding, multiplying or 
dividing?—the two equal sides (of an equation) should 
be very carefully built.’ 

Narayana says: 

“Of these (four classes of equations), the linear 
equation in one unknown (will be treated) first. In 
a problem (proposed), the value of the quantity which 
is unknown is assumed to be yévat, one, two or any 
multiple of it, with or without an absolute term, which 
again may be additive or subtractive. Then on the 
value thus assumed optionally should be performed, in 


1 BrSpSi, xviii. 43 (Com). 

*In his gloss Bháskara II explains: “Every operation, such 
as multiplication, division, rule of three, rule of five terms, summa- 
tion of series, or treatment of plane figures, etc., according to the 
statement of the problem should be performed..." See BBi, 


44- 
3 BBs, p. 45. 
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accordance with the statement of the problem, the opera- 
tions such as addition, subtraction, multiplication, divi- 
sion, rule of thrée, double rule of three, summation, 
plane figures, excavations, etc. And thus the two sides 
must be made equal. If the, equality of the two sides 
is not explicitly stated, then one side should be multi- 
plied, divided, increased or decreased by one’s own 
intelligence (according to the problem) and thus the 
two sides must be made equal." 


Plan of Writing Equations. After an equation is 
formed, writing it down for further operations is techni- 
cally called nydésa (putting down, statement) of the equa- 
tion. In the Bakhshált treatise the two sides of an 
equation are put down one after the other in the same 
line without any sign of equality being interposed.? 
Thus the equations 


Vetyas Vx—3-— , 
appear as? 
o 5 yt má o|sao 7-4- mÅ o 
1 I I I I I 


The equation 
Xx -bzxd-3 Xo 3x- 12 X 4x == 300 
is stated as 


o 
I. 


12 4 driy« 300. 
I I 


oe I 
I I 


3 3 
I I 


This plan of writing an equation was subsequently 
abandoned by the Hindus for a new one in which the 
two sides are written one below the other without any 


1 NE;, II, R. 3 (Goss). 
3 Datta, Bakh. Math., (BCMS, XXI), p. 28. 
3 Folio 59, recto. 1 Folio 23, verso. 
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sign of equality. Further, in this new plan, the terms of 
similar denominations are usually written one below 
the other and even the terms of absent denominations 
on either side are expressly indicated by putting zeros 
as their coefficients. Reference to the new plan is found 
as early as the algebra of Brahmagupta (628).! Prthüdaka- 
svami (860) represented the equation? 
lox — 8 — x? + 1 
as follows: 
jyévao yd 10 rh 8 
' yáva rı yd o rh 
which means, writing x for y 
x*.o + x.10 — 8 
x? + moti 

or ox? + rox — 8 = x? + ox 4- 1. 

If there be several unknowns, those of the same kind 
are written in the same column with zero coefficients, 
if necessary. Thus the equation 

197x — 1644 y — & = 6302 
is represented by Prthüdakasvàmi thus:? 
yâ 19; kő 1644 nit râ o 
Jd o kå o mno rh 6302 
which means, putting y for &é and g for nf, 
197x — 1644 y — & + o = ox + oy + ox + 6302. 
The following two instances are from the Ba- 
ganita of Bháskara II (1150): 
(1) Jé 5 K&Á8 ni 7 rágo 
Jé 7 Kkáo ni6 ri G2 
T Br$557, xvii. 43 (vide infra, p. 33). Compare also BBs, p. 127. 


2 BrSpSi, xviii. 49 (Com). 3 BrSpSi, xviii. $4 (Com). 
* BBs, pp. 78, 101. 
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been thus made...’ 
Sripati says: 

“From one (side) the square of the unknown 
and the unknown should be cleared by removing the 


known quantities; the known quantities (should be 
cleared) from the side opposite to that.’ 
Similarly Bhaskara II: 

“Then the unknown on one side of it (the equation) 
should be subtracted from the unknown on the other 
side; so also the square and other powers of the un- 
known; the known quantities on the other side should 
be subtracted from the known quantities of another 
(e, the former) side.” 


Here we give a few illustrations. With reference 
to the equations from the commentary of Prthüdaka- 
svami, stated on page 31, the author says: 


“Perfect clearance (samasodbana) being made in 
accordance with the rule, (the equation) will be 


Jáva ya Vo 
rig” 
hes, x? — 10x — — 9. 


The following illustration is from the Biaganita of 
Bháskara II:* 


“Thus the two sides are 
Jáva 4 yd 34 rh 72 
Jávao yd o rf Qo 


On complete clearance (samasodhana), the residues 
of the two sides are 


1 BrSpSi, xviii. 44 (Cor). 2 $$e, xvi. 17. 
3 BBi, p. 44. 1 BBi, p. 65. 
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yava 4 yh 34 rh o 
Jyévao ya o rå 18” 
j.e., 4x? — 34x = 18. 


Classification of Equations. The earliest Hindu 
classification of equations seems to have been according 
to their degrees, such as simple (technically called ydvat- 
tdvat), quadratic (varga), cubic (ghana) and biquadratic 
(varga-varga). Reference to it is found in a canonical 
work of circa 300 B. C Butin the absence of further 
corroborative evidence, we cannot be sure of it. Brahma- 
gupta (628) has classified equations as: (1) equations 
in one unknown (eka-varna-samikarapa), (2) equations 
in several unknowns (aneka-varna-samikarana), and (3) 
equations involving products of unknowns (bhdvita). 
The first class is again divided into two subclasses, viz., 
(7) linear equations, and (77) quadratic equations (avyaAta- 
varga-samikarana). Here then we have the beginning of 
out present method of classifying equations according to 
their degrees. The method of classification adopted 
by Prthidakasvami (860) is slightly different. His four 
classes are: (1) linear equations with one unknown, (2) 
linear equations with more unknowns, (3) equations with 
one, two or more unknowns in their second and higher 
powers, and (4) equations involving products of un- 
knowns. As the method of solution of an equation of 
the third class is based upon the principle of the elimina- 
tion of the middle term, that class is called by the name 
madhyamiharana (from madhyama, “middle”, dharana 
“elimination”, hence meaning “elimination of the mid- 
die term”). For the other classes, the old names given 
by Brahmagupta have been retained. This method of 
classification has been followed by subsequent writers. 


1 Sthandiga-sitra, Sütra 747. For further particulars see Datta, 
Jaina Math., (BCMS, X XD), pp. 119ff. 
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Bháskara II distinguishes two types in the third class, 
viz., (/) equations in one unknown in its second and 
higher powers and (//) equations having two or more 
unknowns in theit second and higher powers. Accord- 
ing to Krsna (1580) equations are primarily of two 
classes: (1) equations in one unknown and (2) equations 
in two or more unknowns. The class (1), again, com- 
prises two subclasses: (7) simple equations and (i) 
quadratic and higher equations, The class (2) has three 
subclasses: (7) simultaneous linear equations, (#7) equa- 
tions involving the second and higher powers of un- 
knowns, and (/7) equations involving products of un- 
knowns. He then observes that these five classes can 
be reduced to four by including the second subclasses 
of classes (1) and (2) into one class as zadbyamábaraga. 


7. LINEAR EQUATIONS IN ONE UNKNOWN 


Early Solutions. As already stated, the geometrical 
solution of a linear equation in one unknown is found in 
the Sulba, the earliest of which is not later than 800 B.C. 
There isa reference in the Sthéndrga-siitra (c. 300 B.C.) 
to a linear equation by its name (ydvat-tévat) which 
is suggestive of the method of solution? followed at 
that time. We have, however, no further evidence 
about it. The earliest Hindu record of doubtless value 
of problems involving simple algebraic equations and 
of a method for their solution occurs in the Bakhshali 
treatise, which was written very probably about the 
beginning of the Christian Era. One problem is:? 

“The amount given to the first is not known. The 
second is given twice as much as the first; the third 


1 Datta, Jaina Math., (BCMS, XXI), p. 122. 
? BMs, Folio 23, recto. 
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thrice as much as the second ; and the fourth four times 
as much as the third. The total amount distributed 
is 132. What is the amount of the first ?” 


If x be the amount given to the first, then according 
to the probelm, 
x + zx + 6x + 24x = 132. 


Rule of False Position. The solution of this 
equation is given as follows : 


“ ‘Putting any desired quantity in the vacant place’ ; 
any desired quantity is || 1 ||; ‘then construct the series? 


6 4 
1 d 


I 
I 


2 
I 


2 3 
I I 


‘multiplied’ || 1 |2 | 6 | 24 |; ‘added’ 33. “Divide the 
visible quantity’ | 132 |; (which) on reduction becomes 
33 


E (This is) the amount given (to the first)! 
I 


The solution of another set of problems in the 
Bakhsháli treatise, leads ultimately to an equation of the 


type? 
ax T b= p. 


The method given for its solution is to put any arbitrary 
value g for x, so that 


ag + b — fp, say. 
Then the correct value will be 


rop 
merece es e 


1 Ibid. 2 Vide infra, pp. 48f. 
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Solution of Linear Equations. Aryabhata I 
(499) says : 

“The difference of the known “amounts” relating to 
the two persons should be divided by the difference of 
the coefficients of the unknown.! The quotient will. be 
the value of the unknown, if their possessions be equal.’”* 


This rule contemplates a problem of this kind: 
Two persons, who are equally rich, possess respectively 
a, b times a certain unknown amount together with c, d 
units of money in cash. What is that amount ? 


If x be the unknown amount, then by the problem 


ax + e = bx -+ d. 
Therefore x= de -: 
a—b 


Hence the rule. 
Brahmagupta says : 


“In a (linear) equation in one unknown, the differ- 
ence of the known terms taken in the reverse order, 
divided by the difference of the coefficients of the un- 
known (is the value of the unknown)."* 

Sripati writes : 

“First remove the unknown from any one of the 

sides (of the equation) leaving the known term; the 


reverse (should be done) on the other side. ‘The differ- 
ence of the absolute terms taken in the reverse order 


1 The original is gulikântara which literally means “the differ- 
ence of the unknowns.” But what is implied is "the difference of 
the coefficients of the unknown.” As has been observed by Prtht- 
dakasvámi, according to the usual practice of Hindu algebra, “the 
coefficient of the square of the unknown is called the square (of 
the unknown) and the coefficient of the (simple) unknown is called 
the unknown." BrSpSi, xviii. 44 (Com), 

2 A, ii. 30. 3 Br$557, xviii. 43. 
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divided by the difference of the coefficients of the 
unknown will be the value of the unknown." 


Bháskara II states : 


“Subtract the unknown on one side from that on the 
other and the absolute term on the second from that on 
the first side. The residual absolute number should be 
divided by the residual coefficient of the unknown; 
thus the value of the unknown becomes known.^? 


Narayana writes : 


“From one side clear off the unknown and from the 
other the known quantities; then divide the residual 
known by the residual coefficient of the unknown. 
Thus will certainly become known the value of the 
unknown."'$ 

For illustration we take a problem proposed by 
Brahmagupta : 

“Tell the number of elapsed days for the time when 
fóur times the twelfth part of the residual degrees 
increased by one, plus eight will be equal to the residual 
degrees plus one, ^ E 

It has been solved by Prthüdakasvámi as follows : 

“Here the residual degrees are (put as) ydvat-tévat, 
jy@; increased by one, yd 1 rA 1; twelfth part of it, 
yar rái Jé Y ray 

I2 


; four times this, ; plus the abso- 


Já x rf 25 


lute quantity eight, This is equal to the 


residual degrees plus unity. The statement of both sides 
tripled is 
ya 1 r25 


Jd 5 rf 3 
1 $752, xiv. 15. 2 BB;, p. 44 
3 NB, II, R. 5. 4 BrSpSi, xviii. 46. 
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The difference between the coefficients of the unknown 
is 2. By this the difference of the absolute terms, 
namely 22, being divided, is produced the residual of the 
degrees of the sun, 11. These residual degrees should 
be known to be irreducible. The elapsed days can be 
deduced then, (proceeding) as before." 


In other words, we have to solve the equation 
matr =x n, 
which gives x -H 25 = 3x + 3, 
of 2X = 22. 
Therefore x = II. 


The following problem and its solution are from the 
Bijaganita of Bhaskara 1I : 

“One person has three hundred coins and six 
horses. Another has ten horses (each) of similar value 
and he has further a debt of hundred coins. But they 
are of equal worth. What is the price of a horse ? 


“Here the statement for equi-clearance is : 
6x -H 300 = 10x — IOO. 


Now, by the rule, ‘Subtract the unknown on one side 
from that on the other etc., unknown on the first side 
being subtracted frorn the unknown on the other side, 
the remainder is 4x. The absolute term on the second 
side being subtracted from the absolute term on the 
first side, the remainder is 4oo. ‘The residual known 
number 400 being divided by the coefficient of the 
residual unknown 4x, the quotient is recognised to be 
the value of x, (namely) 100.72 


There ate a few instances in the Bakhsháli work 
where a method similar to that of later writers appears 


1 BBi, pp. 44f. 
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to have beens followed for the solution of a linear 
equation. One such problem is: Two persons start 
with different initial velocities (aj, 45); travel on suc- 
cessive days distances increasing at different rates 
(bi b). But they cover the same distance after the 
same period of time. What is the period? 


Denoting the period by x, we get 


4, + (a, + b) + (0 + 209) + ... to x terms 
= dy + (49 + ba) + (aa + 203) +... to x terms, 


or {a HOE a be =f aa (Sie bos 


2(49— a 
whence x= Bde) + 1, 


bi eit bo " 

which is the solution given in the Bakhsháli work: 
“Twice the difference of the initial terms divided by 

the difference of the common differences, is increased by 


unity. The result will be the number of days in which 
the distance moved will be the same." 


8. LINEAR EQUATIONS WITH TWO UNKNOWNS 


Rule of Concurrence. One topic commonly 
discussed by almost all Hindu writers goes by the 
special name of sañkramana (concurrence). According 
tu Narayana (1350), it is also called saskrama and 
saikrdma.® Brahmagupta (628) includes it in algebra 
while others consider it as falling within the scope of 
arithmetic. As explained by the commentator Gafgá-. 
dhara (1420), the subject of discussion here is “‘the 
investigation of two quantities concurrent or grown 
together in the form of their sum and difference." 


1 BMs, Folio 4, verso. 2 GK, i. 51. 
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Or, in other wotds, sañkramana is the solution of the 
simultaneous equations 


xd0J-—a, 

x—y=. 
So Brahmagupta and Sripati are perfectly right in think- 
ing that concurrence is truly a topic for algebra. 


Brahmagupta’s rule for solution is : 


“The sum is increased and diminished by the 
difference and divided by two; (the result will be the 
two unknown quantities): (this is) concurrence.” 


The same rule is restated by him on a different 
occasion in the form of a problem and its solution. 


“The sum and difference of the residues of two 
(heavenly bodies) are known in degrees and minutes. 
What are the residues? The difference is both added to 
and subtracted from the sum, and halved; (the results 
ate) the residues.”’? 


Similar rules are given also by other writers. 


l Linear Equations. Mahâvîra gives the following 
examples leading to simultaneous linear equations to- 
gether with rules for the solution of each. 


Example. “The price of ọ citrons and 7 fragrant 
wood-apples taken together is 107; again the price of 
7 citrons and ọ fragrant wood-apples taken together 
is 101. O mathematician, tell me quickly the price 
of a citron and of a fragrant wood-apple quite sepa- 
rately.”4 


If x, y be the prices of a citron and of a fragrant 
1 BrSpSi, xviii. 36. 2 BrSpSi, xviii. 96. 


3 GSS, vi. 2; MSi, xv. 21; SiSe, xiv. 13; L, p. 12; GK, i. 31. 
4 GSS, vi. 14035-1424. ` 
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wood-apple respectively, then 


9x + Ty = 107, 
7x + 9y = 10r. 
Or, in general, ax + by = m, 
7 bx + ay — n. 


Solution. “From the larger amount of price multiplied 
by the (corresponding) bigger number of things sub- 
tract the smaller amount of price multiplied by the 
(corresponding) smaller number of things. (The re- 
mainder) divided by the difference of the squares of the 
numbers of things will be the price of each of the bigger 
number of things. The price of the other will be 
obtained by reversing the multipliers.” 


am — bn an — bm 
Thus es ae gage 


Example. “A wizard having powers of mystic 
incantations and magical medicines seeing a cock-fight 
going on, spoke privately to both the owners of the 
cocks. To one he said, ‘If your bird wins, then you give 
me your stake-money, but if you do not win, I shall give 
you two-thirds of that. Going to the other, he promised 
in the same way to give three-fourths. From both of 
them his gain would be only 12 gold pieces. Tell me, 
O ornament of the first-rate mathematicians, the stake- 
money of each of the cock-owners."? 


Les xX—$y-—12, yr $x — 12. 
Or, in general, 


C 
x= =P J-P 


1 GSS, vi. 1394. 2 GSS, vi. 270-24. 
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Solution: j 
SUUM. CLA NR 
*= Cp db — Gt oe? 
" dla + b) 
v un (a + bjd — (od aya? 

The following example with its solution is taken 
from the Biaganita of Bhaskara IT: 

Example. ‘One says, ‘Give me a hundred, friend, I 
shall then become twice as rich as you.’ The other 
replies, ‘If you give me ten, I shall be six times as rich 
as you.” Tell me what is the amount of their (res- 
pective) capitals ?"'? 

The equations ate 

X + 100 = 2( y — 100), (1) 
y+ i106 (x— 10). (2) 

Bháskara II indicates two methods of solving these 
equations. They are substantially as follows: 

First Method? Assume 


X = 2% — 100, J= $ + 100, 


so that equation (1) is identically satisfied. Substituting 
these values in the other equation, we get 


g + 110 = 12x — 660; 
whence y= 7o. Therefore, x = 40, y= 170. 
Second Method.4 From equation (1), we get 
x = 2y — 300, 
and from equation (2) 


x — 40 + 79). 
1 GSS, vi. 2684-94. * BBi, p. 41. 


3 BB, p. 46. 4 BBi, pp. 78f. 
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Equating these two values of x, we have 
2y — 300 = ¢(y + 70), 
ot 12y — 1800 = y + 76; 


whence y=170. Substituting this value of y in any of 
the two expressions for x, we get x = 4o. 


It is noteworthy that the second method of solution 
of the problem under consideration is described by: 
Bháskara II in the section of his algebra dealing with 
“linear equations with several unknowns,” while the 
first method in that dealing with “linear equations in one 
unknown.” In this latter connection he has observed 
that the solution of a problem containing two unknowns 
van sometimes be made by ingenious artifices to depend 
upon the solution of a simple linear equation. 


9. LINEAR EQUATIONS WITH SEVERAL UNKNOWNS 


- A Type of Linear Equations. The earliest 
Hindu treatment of systems of linear equations involving ' 
several unknowns is found in the Bakhshili treatise. 
One problem in it runs as follows : 

“[Three persons possess a certain amount of riches 
each.] The riches ot the first and the second taken 
together amount to 13; the riches of the second and 
the third taken together are 14; and the riches of the 
first and the third mixed are known to be 15. Tell me 
the riches of each." : 

If xis Xo, Xg be the wealths of the three merchants 
respectively, then 


xit xa = 13, Net xg 14, Xgd- xq — 15. (1) 
Another problem is 


1 BMs, Folio 29, recto. The portions within [ ] in this and 
the following illustration have been restored. 
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*[Five persons possess a cettain amount of riches 
each. The riches of the first] and the second mixed 
together amount to 16°; the riches of the second and the 
third taken together are known to be 17; the riches 
of the third and the fourth taken together are known to 
be 18; the riches of the fourth and the fifth mixed 
together are 19 ; and the riches of the first and the fifth 
together amount to 20. Tell me what is the amount 
of each.’ 


iea xit Xa = 16, XQ + x3 = 17, X3 X4 = 18, 
X, X $2 19, x5 + x, = 20. (2) 
There are in the work a few other similar pro- 


blems.? Every one of them belongs to a system of 
linear equations of the type 


xy F Xg = 4a, Xp X. = 4» e Xa F X= 4, (D 
n being odd. $ 

Solution by False Position. A system of 
linear equations of this type is solved in the Bakhshâlî 
treatise substantially as follows : 


Assume an arbitrary value p for x, and then 
calculate the values of x, X3, ... corresponding to it. 
Finally let the calculated value of x, + x, be equal to b 
(say). Then the true value of x, is obtained by the 
formula 

x, — p + 34, — 4). 

In the particular case (1) the author? assumes the 
arbitrary value 5 for x,; then are successively calculated 
the values x’, = 8, x’ = 6 and x’ + x’;= 11. The 
correct values are, therefore, 


My cb (15 — 11)/2 — 7, Xa — 6, x= 8. 
1 BMs, Folios 27 and 29, verso. 


2 BMs, Folio 30, recto ; also see Kaye's Introduction, p. 40. 
3 BMs, Folio, 29, recto. 
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Rationale. By the process of elimination we get from 
equations (I) 
(ayz—a j+ (44—43)2-- - - - d- (244 .3—4,-2)4- 2, = 4,. 
Assume x=; so that 
(49—244)4-(44—243)4-. .... +(@,1—4,-2)+ 2p = b, say. 

Subtracting 2(x, — p) = a, — b. 

Therefore xı =p+4G — b). 

Second Type. A particular case of the type of 
equations (T) for which # = 3, may also be looked up- 
on as belonging to a different type of systems of linear 
equations, viZ., 
mX—XQ-—adQ,XxX—X$Q—4g...,2X— Xa = a, (II) 
where zx stands for x+ x44-...-4- x, But it 
will not be proper to say that equations of this type 
have been treated in the Bakhsháli treatise.! They have, 
however, been solved by Aryabhata (499) and Mahavira 
(850). 'The former says: 

“The (given) sums of certain (unknown) numbers, 
leaving out one number in succession, are added to- 
gether separately and divided by the number of terms 
less one; that (quotient) will be the value of the 
whole.” 


4.0.5 sx= a,[(n — 1). 
r=1 


Mahavira states the solution thus: 
“The stated amounts of-the commodities added to- 
gether should be divided by the number of men less 


1 The example cited by Kaye (BM, Introd., p. 4o, Ex. vi) 
which conforms to this type of equations is based upon a mis- 
apprehension of the text. 

2A, ii. 29. 


4 


Pune Mathematical Physics 


50 ALGEBRA 


one. The quotient will be the total value (of all the com- 
modities). Each of the stated amounts being subtract- 
ed from that, (the value) in the hands (of each will be 
found).”+ 

In formulating his rule Mahavira had in view the 
following example: 

“Four merchants were each asked separately by 
the customs officer about the total value of their com- 
modities. The first merchant, leaving out his own invest- 
ment, stated it to be 22; the second stated it to be 23, 
the third 24 and the fourth 27; each of them deducted 
his own amount in the investment. O friend, tell me 
separately the value of (the share of) the commodity 


owned by each."? 

Here xi at pon = EBERT AT y, 

Therefore x,= 10, %,2=9, xg—8, oy = 5. 
Narayana says: 

“The sum of the depleted amounts divided by the 
number of persons less one, is the total amount. On 
subtracting from it the stated amounts severally will be 
found the different amounts.’ 

The above type of equations is supposed by some 
modern historians of mathematics! to be a modification 
of the type considered by the Greek Thymaridas and 
solved by his well known rule Epanthema, namely,’ 


Nob xt Met ee tM SS, 


N +i = 015 x + No = do,» sag N + Xal = da-l 


1 GSS, vi. 159. 2 GSS, vi. 160-2. 

? GK, ii. 28. 

4 Cantor, Vorlesungen über Geschichte der Mathematik (referred 
to hereafter as o Geschichte), J, p. 624; Kaye, Ind. Math., p. 15; 
JASB, 1908, p. 

5 Heath, Greek ’ Maths I, p. 94. 
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The solution given is 


xs Marb Rab S) — 5 
n— 2 


But that supposition has been disputed by others.! 
Sarada Kanta Ganguly has shown that it is based upon 
a misapprehension. It will be noticed that in the Thy- 
maridas type of linear equations, the value of the sum 
of the unknowns is given whereas in the Aryabhata 
type it is not known. In fact, Aryabhata determines 
only that value. 


Third Type. A more generalised system of linear 
equations will be 


DEX — AXi = d, D3E X — (6X9 = dy... 
DnE X — Cp Xn = Ape mI) 
zx EG) 
Therefore zx= 5 Cress 
= 2, ZUD 5 
Hence EHE. süjj—i 2,’ (1) 


Fo Ty 25 350005 Me 


A particular case of this type is furnished by the 
following example of Mahavira: 


“Three merchants begged money mutually from 
one another. The first on begging 4 from the second 
and 5 from the third became twice as rich as the others. 
The second on having 4 from the first and 6 from the 
third became thrice as rich. The third man on begging 
$ from the first and 6 from the second became five times 
as rich as the others. O mathematician, if jou know 


1 Rodet, Leçons de Calcul d'Aryabbata, JA, XIIF (7), 1878; 


Sarada Kanta Ganguly, “Notes on Aryabhata,” Jour. Bihar and 
Orissa Research Soc., XII, 1926, pp. 88ff. 
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the citra-kuttaka-misra, tell me quickly what was the 
amount in the hand of each."? 


That is, we get the equations 


or 


x+4+5=2y+x%2-—-4—5), 
ytot+6=3R+ ~—4- 6), 
z+ 5+ 6 = 5(x+y—s5 — 6); 
a(x +y + 9) — 3x = 27, 
a(x +y + 2) — 49 = 46; 
s(x + y +2) — 6z = 66; 


a particular case of the system (II). Substituting in 
(1), we get 


Xx —7,,J—8, £-—9. 


In general suppose Z,, 4,5.... 4, 3, Aul ce 
4,, to be the amounts begged by the rth merchant 
from the others; and x, the amount that he had 


initially. 


Then 
X1 -} = CP = b (Ex aa xy > ^ m)s 
Xa +E “Gem = P(E x — Xg — Edom)» 


Xn +2 "anm = b, (x X — Xm X CT 


where z/2,,, denotes summation from z = 1 to 7 =n 
excluding øw =r. Therefore 


Let 


Sx + 4 E’ lm = (h + 1) (zx-— x) 
BX + (bz + 1)z dom = (Pa + 1) (BX — xg) 


Sxt (bn + 0xm'a;4;-— Én H 13) (zx— x). 
&,— (b, + DE Gms T= 13, 2, 3e. Me 


` i'This is the name given by Mahávira to problems involving 
equations of type (III). 
3 GSS, vi. 2533-53. 
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Then dividing the foregoing equations by 244-1, 
ba + 1, ...., respectively, and adding together, we get 


I I ; I 
zx(;. SE E PEUT ux) 


adit nth eg És )= 6 — Dax, 


z*—(p;li tede BICI 2) 


TG 7 thtt- 1). 


Whence 
k++ b , E, + b es & E 
Am f b+ F Pg + 1 Ere by +1 
k, + be, Lé + Lk, oh 
WEE EN 
x: baud t ix FE 4T d d) 


c, Dt tA Ie FU e a 


Mahávira describes the solution thus: 

“The sum of the amounts begged by each person is 
multiplied by the multiple number relating to him as 
increased by unity. With these (products), the amounts 
at hand Xe determined according to the rule Is/aguma- 
Jna etc.! They are reduced to a common denominator, 
and then divided by the sum diminished by unity of the 
multiple numbers divided by themselves as increased , 
by unity. (The quoticnts) should be known to be the 
amounts in the hands of the persons."? 

Problems of the above kind have been treated also 
by Narayana 3357). He Dn 


1'T'he TU MUN is to rule vi. 241. 
2 GSS, vi. 25143-2524. 
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“Multiply the sum of the monies received by each 
person by his multiple number plus unity. Then pro- 
ceed as in the method for “the purse of discord.” Divide 
the multiple number related to each by the same as 
increased by unity. By the sum diminished by unity 
of these quotients, divide the results just obtained. 
The quotients will be the several amounts in their pos- 
session." 

One particular case, where by = bg — .... b, — 1 
and c, = £& — ... = C, = C, was treated by Brahmagupta 
(628). He gave the rule: 

“The total value (of the unknown quantities) 
plus or minus the individual values (of the unknowns) 
multiplied by an optional number being severally 
(given), the sum (of the given quantities) divided by the 
number of unknowns increased or decreased by the mul- 
tiplier will be the total value; thence the rest (can be 
determined).’”? 


Sx A 6x, = a, SX £ ON: = Mg)... 6, EXE OX, = a, 
a a ios 
Therefore soc = AEI t e 4s 
ntre 
I a+ ast... FH a 
Hence x= — a FATIT o Torny 
imela F "EN y 


and so on. 

Brahmagupta's Rule. Brahmagupta (628) states 
the following rule for solving linear equations involving 
severa] unknowns: 

*Removing the other unknowns from (the side of) 
the first unknown and dividing by the coefficient of the 
first unknown, the value of the first unknown (is obtain- 
ed). In the case of more (values of the first unknown), 


1 GK, ii. 336. 2 BrSpSi, xiii. 47. 
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two and two (of them) should be considered after re- 
ducing them to common denominators. And (so on) 
repeatedly. If more unknowns remain (in the final 
equation), the method of the pulveriser (should be 
employed). (Then proceeding) reversely (the values 
of other unknowns can be found)" 
Prthüdakasvámi (860) has explained it thus:' 


"In an example in which there are two or more 
unknown quantities, colours such as yévat-tavat, etc., 
should be assumed for their values. Upon them should 
be performed all operations conformably to the state- 
ment of the example and thus should be carefully framed 
"wo or more sides and also equations. Equi-clearance 
should be made first between two and two of them and 
so on to the last: from one side one unknown should be 
cleared, other unknowns reduced to a common denomi- 
nator and also the absolute numbers should be cleared 
from the side opposite. The residue of other unknowns 
being divided by the residual coefficient of the first un- , 
known will give the value of the first unknown. If 
there be obtained several such values, then with two and 
two of them, equations should be formed after reduction 
to common denominators. Proceeding in this way 
to the end find out the value of one unknown. If 
that value be (in terms of) another unknown then the 
coefficients of those two will be reciprocally the values 
of the two unknowns. If, however, there be present 
more unknowns in that value, the method of the 
pulveriser should be employed. Arbitrary values may 
then be assumed for some of the unknowns.” 

It will be noted that the above rule embraces the 
indeterminate as well as the determinate equations. In 
fact, all the examples given by Brahmagupta in illustra- 


1 BrSpSi, xviii. 51. 
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tion of the rule are of indeterminate character. We 
shall mention some of them subsequently at their proper 
places. So far as the determinate simultaneous equations 
are concerned, Brahmagupta’s method for solving them 
will be easily recognised to be the same as our present 
one. 

Mahávira's Rules. Certain interest problems 
treated by Mahávira lead to simple simultaneous equa- 
tions involving several unknowns. In these problems. 
certain capital amounts (v, C2, £3...) are stated to 
have been lent out at the same rate of interest (7) for 
different periods of time (/, 4, 4...) If (A, 4; 
f% -. ) be the interests accrued on the several capitals, 


M" riva dum foto i AEE [n 
100 ? '? 100” 3 100 ” 
0) If at+atat....=J, ¢ and 7, be known 


(for r—'1, 2,...), we have 
"mi IGUI 

(00 4644 + bate + eu F sess 

with similar values for z, /4,... 

(i) Or, i£ c + la+ e 4- ... — C, i, and 7, be known 

(for r = 1, 2,...), we have 


u Ci, |e, 
~ ilat ilat 
and so on. 
(iii) Or, if we are given the sum of the periods 7, + 7; 
+...=T, c, and 7, then 
yes Ti, |e 
17 fd toftg ti... 1 


with similar values for f}, 4... 
Mahávira has given separate rules for the. solution 
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of problems of each of the above three kinds.! 

Bháskara's Rule. Bhaskara II has given practically 
the same rule as that of Brahmagupta for the solution 
of simultaneous linear equations involving several un- 
knowns. We take the following illustrations from his 
works. 

Example i. “Eight rubies, ten emeralds and a 
hundred pearls which are in thy ear-ring were purchased 
by me for thee at an equal amount; the sum of the price 
rates of the three sorts of gems is three less than the half 
ofa hundred. ‘Tell me, O dear auspicious lady, if thou 
be skilled in mathematics, the price of each."? 

If x, y, € be the prices of a ruby, emerald and pearl 
respectively, then 

8x = 10y = 1002, 
oP Ais =T: 

Assuming the equal amount to be w, says Bhaskara 
II, we shall get z 
x = w[8, y= wio, z= mw[1oo. 

Substituting in the remaining equation, we easily 
get w = 200. Therefore 

x = 25, J = 20, Z= 2. 

Example 2. “Tell the three numbers which become 
equal when added with their half, one-fifth and one- 
ninth parts, and each of which, when diminished by 
those parts of the other two, leaves sixty as remainder.’ 


Here we have the equations 


x -H x[2 — yd ls -x- xl. (1) 
siu Ney hak ON uo Lee O LL UE M ay 
RN SEE of a es o. (2) 
1GSS, vi. 37, 39, 42. ? BB, p. 47. 
3 BBi, p. 5z. 
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The geometrical solution of the simple quadratic 
equation 
4P? — 4d) = — c 
is found in the early canonical works of the Jainas (5oo- 
300 B. C.) and also in the Taztvértbádbzsama-sfitra of 
Umásváti (c. 150 B. C), as 


h= VETA). 


Bakhshâlî Treatise. The solution of the quadratic 
equation was certainly known to the author of the Bakh- 
sháli treatise (v. 200). In this work there are some 
problems of the following type: A certain person 
travels s yojana on the first day and P yojana more on 
each successive day. Another who travels at the 
uniform rate of S yojana per day, has a start of ¢ days. 
When will the first man overtake the second ? 


If x be the number of days after which the first 
overtakes the second, then we shall have 


Sp x) = xf c= s]. 


2 
or bx? — (2($ — 5) + b}x = 228. 
Therefore 
ye VLC- JFF + 8b + {28 ~ 5) h) 
P 2b Š 


which agrees exactly with the solution as stated in the 
Bakhshali treatise. 

“The daily travel [S] diminished by the march of the 
first day [s] is doubled; this is increased by the commun 
increment [5]. That (sum) multiplied by itself is desig- 
nated {as the &sepa quantity}. The product of the daily 


1 Datta, “Geometry in the Jaina Cosmography," Quellen und 
Studien Zur Ges. d. Math., Ab. B, Bd. 1 (1931), pp. 245-254. 
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travel and the start [7] being multiplied by eight times 
the common increment, the Asepa quantity is added. 
The square-root of this (is increased by the &sepa quan- 
tity; the sum divided by twice the common increment 
will give the required number of days) .?! 

Nearly the whole of the detailed working of the 
particular example in which $ = 5, / = 6, s = 3 and 
b = 4, is preserved.? It is substantially as follows: 

St=30; S—~s=j5—3=2; 2($—s)+b=8; 
{2(S —s) is = 64; 857 = 240; 87b — 960; (2($— 5) 
+ bj? + &$7b = 1024; | V 1024 = 323; 32+ 8 — 40; 
403-825 =x. 

For another problem? $S = 7, 7 — 5, S= 5, b= 3; 
then x= es . 

The formula for determining the number of terms 
(n) of an A.P. whose first term (2), common difference 
(P) and sum (s) ate known, is stated in the form 


|. V 85s 4 (2a — 6)? — (2a — P) 
2b ' 
The working of the particular example in which s = 6o. 
a = 1, b = x is preserved substantially as follows :* 
855 = 480; 24 = 2; 2a — b = 1; (24 — D = x; 
Bhs + (22 — by = 481; n= 4( — 1 + V 480), etc. 
Áryabhatal. To find the number of terms of an 
A.P., Aryabhata I (499) gives the following rule: 


1 BMs, Folio 5, recto. 

ed Folio 5, verso; Compare also Kaye’s Introduction, 
PP. 37) 45- 
3 BM, Folio 6, recto and verso. 

4 BMs, Folio 65 verso. Working of this example has been 
continued on folios 56, verso and recto, and 64, recto. 
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“The sum of the series multiplied by eight times 
the common difference is added by the square of the 
difference between twice the first term and the common 
difference; the square-root (of the result) is diminished 
by twice the first term and (then) divided by the common 
difference: half of this quotient plus unity is the number 
of terms."1 

'That is to say, 

— by — 
(NH T e b)? — 2a ti]. 
The solution of a certain interest problem involves the 
solution of the quadratic 
ix? + px — Ap =o. 
Aryabhata gives the value of x in the form? 


x= VEE OTP — pfe 


n= 


Though Aryabhata I has nowhere indicated any method 
of solving the quadratic, it appears from the above two 
forms that he followed two different methods in order 
tc make the unknown side of the equation ax? + bx = v, 
a perfect square. In one case he multiplied both the 
sides of the equation by 44 and in the other simply by a. 


Brahmagupta's Rules. Brahmagupta (628) has 
given two specific rules for the solution of the quadratic. 
His first tule is as follows : 

“The quadratic: the absolute quantities multiplied 
by four times the coefficient of the square of the un- 
known are increased by the square of the coefficient 
of the middle (7c, unknown); the square-root of the 
result being diminished by the coefficient of the middle 


1A, ii. 20. 
2 A, ii. 25; vide Part I, pp. z19f. 
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and divided by twice the coefficient of the square of the 
unknown, is (the value of) the middle! 


1.0., i V4ac Y P — b 
2d 


The second rule runs as: 

“The absolute term multiplied by the coefficient of 
the square of the unknown is increased by the square 
of half the coefficient of the unknown; the square-root 
of the result diminished by half the coefficient of the 
unknown and divided by the coefficient of the square 
of the unknown is the unknown."? 

'232 

ie., x= Mac + ([ nU. 

The above two method: of Brahmagupta are 
identical with those employed before him by Arya- 
bhata I (499). The root, of the quadratic equation for 
the number of terms of an A.P. is given by Brahma- 
gupta in the first form:? ` 


mE V8bs + (2a — b} — Qa— b) 


2b 


For the solution of the quadratic Brahmagupta uses 
also a third formula which is similar to the one now 
commonly used. 'Though it has not been expressly des- 
cribed in any rule, we find its application in a few 


1 BrSpSi, xviii. 44. It will be noted that in this rule Brahma- 
gupta has employed the term madbya (middle) to imply the 
simple unknown as well as its coefficient. The original of the 
term is doubtless connected with the mode of writing the quadratic 
equation in the form 

ax? + bx 4- o = ox? + ox 4- e, 
so that there are three terms on each side of the equation. 
? BrSpSi, xviii. 45. 3 Br $557, xii. 18. 
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instances. One of them is an interest problem: A certain 
sum (p) is lent out for a period (4); the interest accrued 
(x) is lent out again at this rate of interest for another 
period (4) and the total amount is 4. Find x. 


The equation for determining x is 


Ph 
Hence, we have 


Z phy a 4p PA, 
x NUR) qure 
which is exactly the form in which Brahmagupta states 
the result.! 


'There is a certain astronomical problem which in- 
volves the quadratic equation? 


(72 + 4?) F 24apx = 144( E =p) 


where a = agrá (the sine of the amplitude of the sun), 
b = palabhé (the equinoctial shadow of a gnomon 12 
afiguli long), R = radius, and x = kopasanku (the sine of 
the altitude of the sun when his altitude is 45°). 
Dividing out by (72 + 4?), we have 
x? F 2mx =n, 

where 

_ rap 144(R?/a — P?) 

opte’? pte ` 
Therefore, we have 

x= V+ n4 m, 

as stated by Brahmagupta. This result is given also in 
- the SZryasiddhánta? (e. 300) and by Sripati (1039).4 
1 BrSpSi, xii. 15. Vide Part I, p. 220. 


2 BrSpSi, iii. 54-55. 3 $757, iii. 30-1. 
4 SiSe, iv. 74. 
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Stidhara’s Rule. Sridhara (v. 750) expressly 
indicates his method of solving the quadratic equation. 
His treatise on algebra is now lost. But the relevant 
portion of it is preserved in quotations by Bháskara II? 
and others.? Sridhara's method is : 


“Multiply both the sides (of an equation) by a 
known quantity equal to four times the coefficient of the 
square of the unknown; add to both sides a known 
quantity equal to the square of the (original) coefficient 
of the unknown: then (extract) the root."? 


That is, to solve ax? -+ bx —e, ' 


we have 44? x? +. qabx = 4at, 
ot . (2ax + b? = aac + D. 
Therefore 24x + b =V qar + B. 
Hence ga Van tich 
2a PE 


An application of this rule is found in Sridhara's 
Trisatikd, in connection with finding the number of 
terms of an A.P.4 


: V 8bs +- (2a — by — za + b 
i.e, a en 
1 BBs, p. 61. 
2 Jüánarája (1503) in his B/jagati/a and Süryadása (1541) i' his 
commentary on Bháskara's Bijaganita. 

3 “Caturahatavargasamai rüpaih paksadvayarh gunayet, 

Avyaktavargaripairyuktau paksau tato mülam." 
This is the reading of Sridhara's rule as stated by Jfánarája and 
Süryadása and accepted also by Sudhakara Dvivedi. But according 
to the reading of Krsna (c. 1580) and Ramakrsna (¢. 1648), which 
has been accepted by Colebrooke, the second line of the verse 
should be 
“Purvavyaktasya krteh samarüpáni ksipet tayoreva" 

or "add to them known quantities equal to the square of the 
original coefficient of the unknown." 

1 Tris, R. 41. 
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where a is the first term, 2 the common difference and 
s the sum of # terms. 

Mahávira, The only work of Mahavira (850) 
which is available now is the Gagi/a-sára-samgraba. As 
it is admittedly devoted to arithmetic we cannot 
expect to find in ita rule for solving the quadratic. 
But there ate in it several problems whose solutions 
presuppose a knowledge of the roots of the quadratic. 
One problem is as follows: 

*One-fourth of a herd of camels was seen in the 
forest; twice the square-root of the herd had gone to the 
mountain-slopes; three times five camels were on the bank 
of the river. What was the number of those camels ?”1 


If x be the number of camels in the herd, then 
4x + 2Vx + 15 = x. 


Or, in general, the equation to be solved is 


Fy x+eyx+d=x 


or (1— $)«— vx =d. 


Mahávíra gives the following rule for the solution of 
this equation: 

“Half the coefficient of the root (of the unknown) 
and the absolute term should be divided by unity 
minus the fraction (z.¢., the coefficient of the unknown). 
The squate-root of the sum of the square of the coeffi- 
cient of the root (of the unknown) and the absolute 
term (treated as before) is added to the coefficient 
of the root (of the unknown treated as before). The 
sum squared is the (unknown) quantity in this méla 
type of problems."? 


1 GSS, iv. 34. 2 GSS, iv. 33. 
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a roe Ne gl 


which shows that Mahávira employed the modern rule 
for finding the root of a quadratic. His solution for the 
interest problem treated by Brahmagupta is exactly the 
same as that of the latter.! We shall presently show 
that he knew that the quadratic has two roots, 


Aryabhata II. The formula for the number 
of terms (7) of an A.P. whose first term (a), common 
difference (7) and sum (s) are known is given by 


Aryabhata 1I (v. 950) as follows :? 
um V 2bs + (a — b[2? — a + b[z 
E 7 ! 


which shows that for solving the quadratic he followed 
the second method of Aryabhata I and Brahmagupta. . 


Sripati?s Rules.  Sripati (1039) indicates two 
methods of solving the quadratic. There is a lacuna 
in our manuscript in the rule describing the first method, 
but it can be easily recognised to be the same as that 
of Sridhara. 

“Multiply by four times the coefficient of the square 
of the unknown and add the square of the coefficient 
of the unknown; (then extract) the square-root......... 
civided by twice the coefficient of the square of the 
unknown, is said to be (the value of) the unknown." 


"Or multiplying by the coefficient of the square of 
the unknown and adding the square of half the coeffi- 
cient of the unknown, (extract) the square-root. Then 
(proceeding) as before, it is diminished by half the 
coefficient of the unknown and divided by the coefficient 


1 GSS, vi. 44. ? MSi, xv. 50. 
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of the square of the unknown. This (quotient) is said to 
be (the value of) the unknown." 

ie., | ax? + bx = c, 
or ax? + abx + (b[2)? = ac + (b[2y*. 
Therefore ax -+ bf2 a= Vac + (b/2)?. 
v Væ + Qa — bla 
ry —— DOR C EE 


Hence 


Bháskara Is Rules. Bháskara II (1150) says: 


“When the square of the unknown, etc., remain, 
then, multiplying the two sides (of the equation) by 
some suitable quantities, other suitable quantities should 
be added to them so that the side containing the unknown 
becomes capable of yielding a root (pada-prada), The 
equation should then be formed again with the root of 
this side and the root of the known side. Thus the 
value of the unknown is obtained from that equation"? 

This rule has been further elucidated by the author 
in his gloss as follows: . 

“When after perfect clearance of the two sides, 
there remain on one side the square, etc., of the un- 
known and on the other side the absolute term only, 
then, both the sides should be multiplied or divided by 
‘some suitable optional quantity; some equal quantities 
should further be added to or subtracted from ‘both 
the sides so that the unknown side will become capable 
of yielding a root. The root of that side must be equal 
to the root of the absolute terms on the other sidé. 
For, by simultaneous equal additions, etc., to the two 
equal sides the equality remains. So forming an equa- 
tion again with these roots the value of the unknown is 
found."? 


1 SiSe, xiv. 17-8, 19. ? BBi, p. 59. 
3 BBi, p. 61. 
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Jt may be noted that in his treatise on arithmetic 
Bháskara II has always followed the modern method of’ 
dividing by the coefficient of the square of the un- 
known.! 

jüánarája (1503) and Ganega (1545) describe the 
same general methods for solving the quadratic as 
Bháskara II. ` 

Elimination of the Middle Term. The method 
of solving the quadratic was known amongst the Hindu 
algebraists by the technical designation | zadbyamá- 
harana ot “The Elimination of the Middle" (from 
madhyama = middle and dharana = removal, or destroy- 
ing, that is, elimination). The origin of the name 
will be easily found in the principle underlying the 
method. By it a quadratic equation which, in its 
zeneral form, contains three terms and so has a middle 
term, is reduced to a pure quadratic equation or a simple 
equation involving only two. terms and so having no 
middle term. Thus the middle term of the original 
quadratic is eliminated by the method generally adopted 
for its solution. And hence the name. Bhaskara II has 
observed, “It is also specially designated by the learned 
teachers as the madhyamdbarana. For by it, the removal 
of one of the two? terms of the quadratic, the middle 
one, (takes place)."3 The name is, however, employed 
also in an extended sense so as to embrace the methods 
for solving the cubic and the biquadratic, where also 


1L, pp. r5ff. 

? Referring to the two terms on the unknown side of the com- 
plete quadratic. Or the text varga-ráférekasya may be rendered as 
“of one out of the unknown quantity and its square." According 
to the commentators Süryadása (1541) and Krsna (1580), it implies 
“of one between the two square terms," viz., the square of the 
unknown and the square of the absolute number. 

3 BBi, p. 59. 
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certain terms are eliminated. It occurs as early as the 
works of Brahmagupta (628).! 


Two Roots of the Quadratic. The Hindus recog- 
nised early that the quadratic has generally two roots. 
In this connection Bhâskara II has quoted the following 
rule from an ancient writer of the name of Padmanâbha 
whose treatise on algebra is not available now: 


“If (after extracting roots) the square-root of the 
absolute side (of the quadratic) be less than the negative 
absolute term on the other side, then taking it negative 
as well as positive, two values (of the unknown) are 
found."? 


Bháskara points out with the help of a few specific 
illustrations that though these double roots of the 
quadratic are theoretically correct, they sometimes lead 
to incongruity and hence should not always be accepted. 
So he modifies the rule as follows: 


"[f the square-root of the known side (of the 
quadratic) be less than the negative absolute term 
occurring in the square-root of the unknown side, then 
making it negative as well as positive, two values of 
the unknown should be determined. This is (to be 
done) occasionally."'3 


Example 1. “The eighth part of a troop of monkeys, 
squared, was skipping inside the forest, being delight- 
fully attached to it. Twelve were seen on the hill 
delighting in screaming and rescreaming. How many 
were they ?"4 


1 Br $557, xviii. 2. 
? *Vyaktapaksasya cenmülamanyapaksarnatüpatah 
Alpam dhanarnagath krtvà dvividhotpadyate mitih"—BBi, 
p. 67 


3 BBi, p. 59; also compare the author's gloss on the same 


" 1). 
4 BBi, p. 65. 
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Solution. “Here the troop of monkeys is x. The 
square of the eighth part of this together with 12, is 
equal to the troop. So the two sides are! 


dax? + ox + 12 = ox? - x 4- o. 
Reducing these to a common denominator and then 


deleting the denominator, and also making clearance, 
the two sides become 


x? — 64x + o = ox? + ox — 768. 


Adding the square of 32 to both sides and (extracting) 
square-roots, we get 


X — 32 = + (ox + 16). 
In this instance the absolute term on the known side is 
smaller than the negative absolute term on the side of 


the unknown; hence it is taken positive as well as 
negative; the two values of x are found to be 48, 16.” 


Example 2. “The fifth part of a troop of monkeys, 
leaving out three, squared, has entered a cave; one is 
seen to have climbed on the branch of a tree. Tell how 
many are they ?”? 


Solution. “In this the value of the troop is x; its 
fifth part less three is } x — 5; squared, gy x? — $x + 9; 
this added with the visible (number of monkeys), 
xy x? — $x + 1o, is equal to the troop. Reducing to 
a common denominator, then deleting the denominator 
and making clearance, the two sides become 


x? — 55x + o = ox? + ox — 256. 
Multiplying these by 4, adding the square of 55, and 


1 We have here followed the modern practice of writing the 
two sides of an equation in a line with the sign of equality inter- 
posed, at the same time, preserving the other salient feature of the 
Hindu method of indicating the absent terms, if any, by putting 
zeros as their coefficients. 

? BBi, pp. 651f. 
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extracting roots, we get 

ax — 55 = + (ox + 45). 
In this case also, as in the previous, two values are 
obtained: 50,5. But, in this case, the second (value) 
should not be accepted as it is inapplicable. People have 
no faith in the Rnown becoming negative.” 

The implied significance of this last observation is 
this: If the troop consists of only 5 monkeys, its 
fifth part will be 1 monkey. How can we then leave 
out 3 monkeys ? Again, how can the remainder be said 
to have entered the cave? It seems to have also a 
wider significance. 

Example 3. “The shadow of a gnomon of twelve 
fingers being diminished by a third part of the 
hypotenuse, becomes equal to fourteen fingers. O 
mathematician, tell it quickly.’ 

Solution. “Here the shadow is (taken to be) x. 
This being diminished by a third part of the hypotenuse 
becomes equal to fourteen fingers. Hence conversely, 
fourteen. being subtracted from it, the remainder, a 
third of the hypotenuse, is x — 14. Thrice this, which 
is the hypotenuse, is 3x — 42. The square of it, 
.9x* — 252x + 1764, is equal to the square of the 
hypotenuse, x? + 144. On making equi-clearance, the 
two sides become 


8x? — 252x + o = ox? + ox — 1620. 


Multiplying both these sides by 2 and adding the square 
of 63, the roots ate 


4x — 63 = + (ox + 27). 
On forming an equation with these sides again, and 
(proceeding) as before, the values of x are 45/2, 9. 


1 BBi, pp. 668. 
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(Thus) the value of the shadow is 45/2 or 9. The second 
value of the shadow is less than 14, so, on account of 
impracticability, it should not be accepted. Hence it has 
been said ‘twofold values occasionally? This will be an 
exception to what has been stated in the algebra of 
Padmanábha, vig...” 


Known to Mahavira. It has been stated before 
that Mahavira (850) knew that the quadratic has two 
roots. We shall now substantiate it by the following 
rules and illustrations from his work. 


“One-sixteenth of a collection of peacocks multi- 
plied by itself, was on the mango tree ; } of the remainder 
multiplied by itself together with 14 were on the 
famála tree. How many were they ?"1 


If x be the number of peacocks in the collection, the 
problem leads to the quadratic equation 


15x 15x 
16x 9^ 16X9 


This is a particular case of the type of equations con- 
templated by the author 


a 
= x*—x+c¢=0, 


b 
The following rule has been given for its solution. 

“The quotient of its denominator divided by its 
numeratot, less four times the remainder, is multiplied 
by that denominator (as divided by the numerator). 
The square-root of this should. be added to and subtracted 
from that denominator (as divided by the numerator) ; 
half that is the total quantity."? 


x x 
16 X38 t uem 


Thus x =E Ve De 


1 CSS, iv. 59. 2 GSS, iv. 57. 
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1j, EQUATIONS OF HIGHER DEGREES 
Cubic and Biquadratic. The Hindus did not 


achieve much in the solution of the cubic and biquad- 
ratic equations. Bháskara II (rr5o) attempted the 
application of the method of the madbyamdharana (eli- 
mination of the middle) to those equations also so as 
to reduce them by means of advantageous transforma- 
tions and intreduction of auxiliary quantities to simple 
and quadratic equations respectively. He thus antici- 
pated one of the modern methods of solving the biquad- 
ratic. “If, however," observes Bháskara II, “due to 
the presence of the cube, biquadrate, etc., the work (of 
reduction) cannot proceed any further, after the perfor- 
mance of such operations, for want of a root of the 
unknown side (of an equation), then the value of the 
unknown must be obtained by the ingenuity (of the 
mathematiclan)"! He has given two examples, one 
of the cubic and the other ae the biquadratic, in which 
such reduction is possible. 

Example 1. ‘What is that number, O learned man, 
which being multiplied by twelve and increased by the 
cube of the number, is equal to six times the square of 
the number added with thirty-five. 

Solution. “Here the number is x. This multiplied 
by twelve and increased by the cube of the number be- 
comes x? + 12x. It is equal to 6x?-++ 35. On making 
clearance, there appears on the first side x? — 6x? 
+ 12x; on the other side 35. , Adding negative eight 
to both the sides and extracting cube-roots, we get 

x—2=0x+ 3. 
And from this equation the number is found to be 5.” 

Example 2. “What is that number which being 


1 BBi, p. 61. 2 BBj, p. 64. 
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multiplied by 200 and added to the square of the number, 
and then multiplied by 2 and subtracted from the 
fourth power of the number will become one myriad less 
unity? Tell that number if thou be conversant with the 
operations of analysis. 

Solution. “Here the number is x; multiplied by 
200 it becomes 200x ; added to the square of the number, 
becomes x?-L- 200x; this being multiplied by two, 
2x? + 40ox ; by this being diminished the fourth power 
of the number, namely, this x*, becomes x*— 2x? 
— 4o0ox. This is equal to a myriad less unity. Equi- 
clearance having been made, the two sides will, be 

x* — 2x? — 400x = ox? + ox? + ox + 9999. 

Here on adding four hundred x plus unity to the first 
side, the root can be extracted, but on adding the same 
to the other side, there will be no root of it. Thus the 
work (of reduction) does not proceed. Hence here 
. ingenuity (is called for). Here adding to both the sides 
four times the square of x, four: hundred x and unity 
and then extracting roots, we get 
x? + ox + 1 = ox? + 2x + 100. 

Again, forming equation with these and proceeding as 
before, the value of x is obtained as 11. In similar 
instances the value of the unknown must be determined 
by the ingenuity of the mathematician."l 

Higher Equations. Mahávira considered certain 
simple equations of higher degrees in connection with 
the treatment of the geometric series. They are of the 
type 


G) ax" —q, 
X" — I 
(7) a E = p; 


1 BBi, pp. 64f. 
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where a is the first term of a G. P., q its ganadhana, i.e., 
(n+-1)th term, p its sum and x the unknown common 
ratio. 

To solve equation (7) Mahavira says, “That which 
on multiplication by itself as many times as the number 
of terms becomes equal to the gunadhana divided by the 
first term, is the common ratio." 

7.8.5 x — V qip. 

In other words x is the #th root of g/p. But how to 
find such a root he does not attempt to indicate. His 
rule for solving an equation of the type (7) is as follows : 

“That by which the sum divided by the first term 
is divisible again and again, subtracting unity every 
time, is the common ratio."? 

The method will be better understood from the 
solution of the following example : 

"(Of a certain series in G. P.) the first term is 3, 
number of terms 6 and sum 4095. What is the common 
ratio ?"3 


I 
Thus T = 4995, 
Of 3(x5 + xP x3 Hp ox? E x + 1) = 4095, 


a quintic equation. Here dividing 4095 by 3 we get 
1365. Now let us try with the divisor 4; we have 
(1365 — 1)/4 = 341; (341 — 1)/4 = 85; (85 — 1)/4 = 21; 
(zr — 1)/4 = 55 (5 — 1)/4 = 1; (1— 1)/4 — o. Sothe 
number 1365 is exhausted on 6 successive divisions by 4, 
in the way indicated in the rule. Hence x = 4. What 
suggested the method is clearly this : 


X"—I. Aa” — I, Adice: Nice T 
a —— 4 = ——; 1 = A( y 
X — 1 X—1' x—1 X —I 
1GSS, ii. 97. 2 GSS, ii. xor. 


3 GSS, ii. 102; compare also Rangacarya’s note thereto. 
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which is divisible by x. However, the solution is 


obtained in every case by trial only. 


Mahávira has treated some equations of the fol- 
lowing general type : 


a, V hx + as V bx — a V bx) 
+ &N [bal = a V b,x) — ag V by(x — a, V Ax) 
+.. H R=; 

or (x — a, V bX) — as V bx — a V bx) 
= aN [Isle — a V hy) — aV hor aV) 


—.. =R. 

If there ber terms on the left hand side, then on 
rationalisation, we shall have an equation of 27th degree 
in x. By proper substitutions, the equation will be 
ultimately reduced to a quadratic equation of the form 

X— AVBX =R, 


whose solution is given by Mahavira as 


xef VELER B. 


2 


This result has been termed by him, the *essence" 
(sára) of the general equation.! Mahávira gives two 
problems involving equations of the above type. 

(1) “(Of a herd of elephants) nine times the square- 
root of the two-thirds plus-six times the square-root 
of the three-fifths of the remainder (entered the deep 
forest) ; (the remaining) 24 elephants with their round 
temples wet with the stream of exuding ichor, were seen 
by me in a forest. How many were the elephants (in 


1GSS, iv. 51, 52. 
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the herd) ?"1 
If x be the number of elephants in the herd, then by 
the statement of the problem 


AVES: AVETCEPENESEPEES 


Put y —x ~9\/% then the equation becomes 


y — 6V 39/5 = 24. 


Therefore jJ = 60 or 48, 
Hence x—'9 NIS = 60, 
whence X == 150, 24. 

Again Xx —9 NES = 48, 
whence x = $(61 + 3 V 385). 


Of the four values of x obtained above, only the value 
X — 150 can satisfy all the conditions of the problem; 
others are inapplicable. That will explain why Mahá- 
vira has retained in his solution only the positive sign 
of the radical. 


(2) "Four times the square-root of the half of a col- 
lection of boars went into a forest where tigers were at 
play; twice the square-root of the tenth part of the 
remainder multiplied by 4 wentto a mountain; 9 times 
the square-root of half the remainder went to the bank 
of a river; boars numbering seven times eight were seen 
in the forest. Tell their number."? 


! GSS, iv. 54-5. : 2 GSS, iv. 56. 
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If x be the total number of boars in the collection, 
4V x[2 + 8V vol — 4V xj) 
+ 9\ [H = 4V%]2) = 8V dax — 4V x13) 
+56 =x. 
Put y—x—4Vx[z; then 
J — 8V Jlo — 9V U — 8V 5[10)[2 = 56. 
Again put vg —y— 8V_y/10; then 
z— 9Vxj2 = 56. 


Gp ck a 4 SCs 
Therefore ga (2 VPE 236) X 4 128. 


Then J — 8V y[1o = 128; EE 
8 +1/64 + 10.4.1284? u 
past et E) Xs 


whence y= ( 
Again x — 4 V xja = 160; 


ya A. T n2 
hence x= Ca 4-2. 160) X i = 200. 


Note that according to the problem the positive 
value of the radical has always to be taken. 
124 SIMULTANEOUS QUADRATIC EQUATIONS 


Common Forms. Various problems involving 
-imultaneous quadratic equations of the following forms 
have been treated by Hindu writers : 


dod si M SUD 


xy = b xy = 
* z 9 ves 2 2 — C B 
X T3 ipe) pc) 


Pune Mathematical Physics 


82 ALGEBRA 


For the solution of (/) Aryabhata I (499) states the 
following rule : 

“The squate-root of four times the product (of 
two quantities) added with the square of their difference, 
being added and diminished bv their difference and 
halved gives the two multiplicands."! 


ie, x cdd abd) y = HVF ab — d). 

Brahmagupta (628) says : 

*"The squate-root of the sum of the square of the 
difference of the residues and two squared times tke 
product of the residues, being added and subtracted 
by the difference of the residues, and halved (gives) 
the desired residues severally."? 


Náráyana (1557) writes : 
“The square-root of the square of the difference of 


two quantities plus four times their product is their 
sum,” 


“The square of the difference of the quantities to- 
gether with twice their product is equal to the sum of 
their squares. The square-root of this result plus twice 
the product is the sum.’ 

For the solution of (7) the following rule is given 
by Mahavira (850) : 

“Subtract four times the area (of a rectangle) from 
the square of the semi-perimeter; then by saskramana® 
between the square-root of that (remainder) and the 
semi-perimeter, the base and the upright are obtained.’’® 


1A, ii. 24. 2 BrSpSi, xviii. 99. 
3 GK, i. 35. 4GK, i. 36. 
5 Given a and 5, the process of sarikramana is the finding of 


half their sum and difference, j.e., = and = (see pp. 43f). 
3 GSS, vii. 1295. 
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je, x= Yat VÆ ab. y = Ma — vai — ab. 

Narayana says : 

“The square-root of the squate of the sum minus 
four times the .product is the difference.”’! 

For (7) Mahavira gives the rule : 

* Add to and subtract twice the area (of a rectangle) 
from the square of the diagonal and extract the square- 
roots. By sañkramana between the greater and lesser 
of these (roots), the side and upright (are found)."? 

i.e, x= 4(Ve+ 2b + Ve— 2b), 

y=} (Ve + 2b — Ve— ab). 
For equations (/») Áryabhata I writes : 
“From the square of the sum (of two quantities) 


subtract the sum of their squares. Half of the remain- 
der is their product."? 


The remaining operations will be similar to those 
for the equations (77); so that 

x = b(a +V ze — a), y= bla — V zc — a3). 

Brahmagupta says : 

“Subtract the square of the sum from twice the 
sum of the squares ; the square-root of the remainder 


being added to and subtracted frorn the sum and halved, 
(gives) the desired residues."4 


Mahávira, Bháskara II and Narayana? have also 
treated these equations. 


Narayana has given two other forms of simul- 


t GK, i. 35.- 2 GSS, vii. 1271. 

3 A, ii. 23. 4 BrS$557, xviii. 98. 
5 GSS, vii. 1254. L, p. 39. 

7 GK, i. 37. 
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taneous quadratic equations, namely, 
x? -H y? = ce xt y= m : 
ira d (9) =) pee (vi) 

For the solution of (v) he gives the rule : 

“The square-root of twice the sum of the squares 
decreased by the square of the difference is equal to the 
sum,” 

Tez x -Hy =V 20 — a2. 

Therefore , 

x— Adi d), y— KV di— d). 

For (vi) Narayana writes : X 

“Suppose the square of the product as the product 
(of two quantities) and the difference of the squares as 
their difference. From them by sañkrama will be 
obtained the (square) quantities. Their square-roots 
severally will give the quantities (required).”? 

We have : 

x? — y? = m 
x8? p 


These are of the form (7). Therefore 
xà (VREF 4b? +m, y= 4(V aw? + 42 — m). 
Whence we get the values of x and y. 


Rule of Dissimilar Operations. The process 
of solving the following two particular cases of simul- 
taneous quadratic equations was distinguished by most 
Hindu mathematicians by the special designation wisama- 
karma (dissimilar operation) : 


1GK, i. 33. 2 GK, i. 34. 

3'The name tisama-karma originated obviously in contra- 
distinction to the name saikramara. ‘This is evident from the term 
tisama-satkramana used by Mahavira for visama-karma, 
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x2— y =m .  , Me yy 5 
pue m 
These equations are found to have been regarded by 
them as of fundamental importance. The solutions 
given are: 

; x= u” =Z =): 
for (2 x a + n), y +( n); 


" 


for G) x=He+ +), J=- >), 


Thus Brahmagupta says: 

“The difference of the squates (of the unknowns) 
_ is divided by the difference (of the unknowns) and the 
quotient is increased and diminished by the difference 
and divided by two; (the results will be the two 
unknown quantities); (this is) dissimilar operation.’’! 

The same tule is restated by him on a different 
occasion in the course of solving a problem. 

“Tf then the difference of their squares, also the 
difference of them (are given): the diflerence of the 
squares 1s divided by the difference of them, and this 
(latter) is added to and subtracted from the quotient 
and then divided by two; (the results are) the residues; 
whence the number of elapsed days (can be found)."? 

Mahavira states: 

“The sa#kramana of the divisor and the quotient 
of the two quantities is dissimilar (operation); so it is 
called by those who have reached the end of the ocean 
of mathematics.” 

Similar rules are given also by other writers.4 


1 BrSpSi, xviii. 36. 2 BrSpSi, xviii. 97. 
3 GSS, vi. 2. 
1 MSi, xv. 22; Ci GK, i. 32. 
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Mahávira's Rules. Mahávira (850) has treated 
certain. problems involving the simultaneous quadratic 
equations : 

A4d-x-—du, arw = ax, 
u+ y-—bo swa). 


r x a—Hu 


Here ry SEU EUN 
Therefore ete, | 
r—s 
zu ED 
Hence x =(=) =(= a ji w=( oa)? 


In the above equations x, y are the interests accrued 
on the principal # in the periods r, $ respectively and 
» is the rate of interest per a. 


Mahavira states the result thus : 

“The difference of the mixed sums [z, b] multiplied 
by each other's periods [r, ;], being divided by the 
difference of the periods, the quotient is known as the 
principal [z]. 

Again, there are problems involving the equations: 

u+ x =p, Hx) = am, 
a+) = q. uyw = an. 
Where x, y are the periods for which the principal # 


is lent out at the rate of interest w per a and z, z are the 
tespective interests. 


Here M = can Poe ed 
n I q — H 
Therefore pl A A 
AH — n 
1 GSS, vi 4 2 GK, i. 


palagi originated obvi. 
name satikramana. This is evid.av 1. 
ufa used by Mahávira for visama-karma. 
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Hence x= (2=4) m, y= (E= 1 )n, 


____ W- ny 
(Pp — Dg — np) ` 
Mahavira gives the rule : 
"On the difference of the mixed sums multiplied 
by each other's interests, being divided by the difference 


of the interests, the quotient, the wise men say, is the 
principal. 


E wW 


13. INDETERMINATE EQUATIONS OF THE FIRST 
DEGREE 


General Survey. The earliest Hindu algebraist 
to give a treatment of the indeterminate equation of the 
first degree is Aryabhata I (born 476). He gave a method 
for finding the general solution in positive integers 
of the simple indeterminate equation 

by — ax =e 
for integral values of a, b, c and further indicated how to 
extend it to get positive integral solutions of simultan- 
eous indeterminate equations of the first degree. His 
disciple, Bháskara 1 (522) showed that the same 
method might be applied to solve by — ax = — ¢ and 
further that the solution of this equation would follow 
from that of by — ax = — 1. Brahmagupta and others 
simply adopted the methods of Aryabhata I and Bhás- 
kara J. About the middle of the tenth century of the 
Christian Era, Aryabhata II improved them by point- 
ing out how the operations can in certain cases be 
abridged .considerably. He also noticed the cases of 
failure of the methods for an equation of the form 


1 GSS, vi. 51. 
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by — ax = -- c. These results reappear in the works of 
later writers.t 

Its Importance. It has been observed before that 
the subject of indeterminate analysis of the first degree 
was considered so important by the ancient Hindu 
algebraists that the whole science of algebra was once 
named after it. That high estimation of the subject 
continued undiminished amongst the later Hindu mathe- 
maticians. Aryabhata II enumerates it distinctively 
along with the sciences of arithmetic, algebra, and 
astronomy.? So did Bhaskara II and others. - As has 
been remarked by Gane$a,? the separate mention of the 
subject of indeterminate analysis of the first degree is 
designed to emphasize its difficulty and importance. 
On account of its special importance, the treatment- 
of this subject has been included by Bháskara II in his 
treatise of arithmetic also, though it belongs parti- 
cularly to algebra.* It is also noteworthy that there is 
a work exclusively devoted to the treatment of this 
subject. Such a special treatise is a very rare thing in 
the mathematical literature of the ancient Hindus. This 
work, entitled Kuttékdra-Siromani,® is by one Devarája, 
a commentator of Aryabhata I. 


lFor “India’s Contribution to the Theory of Indeterminate 
Equations of the First Degree," see the comprehensive article of 
Professor Sarada Kanta Ganguly in Journ. Ind. Marb. Soc., XIX, 
1931, Notes and Questions, pp. 110-120, 129-142; sce also XX, 
1932, Notes and Questions. Compare also the Dissertation of 
D. M. Mehta on “Theory of simple continued tactions (with 
special reference to the history of Indian Mathematics). ~ 

? MSi, i. r. 

* ? Vide his commentaty on the Li/éra/? of Bháskara IT . 

4 Bháskara's treatment of the pulveriser in his DBéiyaganita is 
repeated nearly word for word in his LíZérar;. i 

3 There are four manuscript copies of this work in the Oriental 
Library, Mysore. 
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Three Vatieties of Problems. Problems whose 
solutions led the ancient Hindus to the investigation 
of the simple indeterminate equation of the first degree 
were distinguished broadly into three varieties. The 
problem of one variety, is to find a number (N) which 
being divided by two given numbers (a, b) will leave 
two given remainders (R,, Rə). Thus we have 


N = ax + R, = by + Ro 


Hence by — ax = Ry — Rg. 
Putting c= R ~ Rs, 
we get by — ax = +e 


the upper or lower sign being taken according as R, 
>or < HR, In a problem of the second kind we are 
required to find a number (x) such that its product with 
a given number (a) being increased or decreased by 
another given number (v) and then divided by a third 
given number (8) will leave no remainder. In other 
words we shall have to solve 

ax Y 

P Sa 

in positive integers. The third variety of problems 
similarly leads to equations of the form 


by + ax = - c. 

Terminology. The subject of indeterminate 
analysis of the first degree is generally called by the 
]Bindus kuttaka, kuttakdra, kuttikdra or simply &utta. 
The names kutfdkdra and &utfa occur as early as the 
Mabá-Dhás&arfya of Bhaskara 1(522)! In the commen- 
tary of the Aryabbatiya by this writer we find the terms 
kuttaka and kuttékéra. Brahmagupta has used kuttaka,” 
kuttékdra,® and kutta% Mahavira, it appears, had a 


1 MBA, i. 41, 49. ? BrSpSi, xviii. 2, 11, ete. 
3 BrSpSi, xviii. 6, 154 etc. - 4 BrSpSi, xviii. 20, 25, etc. 
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preferential liking for the name Aw//&éra.! 


In a problem of the first variety the quantities 
(a,b) are called “divisors” (bhdgahdra, bhdéjak, cheda, 
etc.) and (R,, Rg) “remainders”? (agra, sesa, etc.), while 
in a problem of the second variety, B is ordinarily 
called the “divisor” and v the “interpolator” (repa, 
&sebaKa, etc.); here a is called the “dividend” (A/4jya), 
the unknown quantity to be found (x) the “multiplier’’ 
(gunaka, gunakdra, etc.) and y the quotient (phala). The 
unknown (x) has been sometimes called by Mahávira as 
ráíi (number) implying “fan unknown number." 


Origin of the name. The Sanskrit words Ayia, 
kuttaka, &uttákára and kuttikdra ate all derived from the 
root &uzf “to crush", “to grind," “to pulverise" and 
hence etymologically they mean the act or process of 
“breaking”, "grinding", “‘pulverising” as well as an 
instrument for that, that is, “grinder”, “pulveriser’’. 
Why the subject of the indeterminate analysis of the 
first degree came to be designated by the term kuttaka 
is a question which will be naturally asked. Ganesa 
(1545) says: “Katfaka is a term for the multiplier, for 
multiplication is admittedly called by words import- 
ing ‘injuring,’ ‘killing? A certain given number being 
multiplied by another (unknown quantity), added or 
subtracted by a given interpolator and then divided by a 
given divisor leaves no remainder; that multiplier is the 
kuttaka: so it has been said by the ancients. This is a 
special technical term."3 The same explanation as to the 
origin of the name &x//a&a has been offered by Sürya- 
dasa (1538), Krsna (v. 1580) and Ranganátha (1602). 


1 GSS, vi. 794, etc. 2 GSS, vi. 1154ff. 

3 Vide his commentary on the Li/évat? of Bháskara II. 

1 Vide the commentaries of Süryadása on Lifévat? and Bija- 
ganita, of Krsna on Bíjagatia, and of Ranganatha on Siddbénta- 
Siromani. 


Pune Mathematical Physics 


INDETERMINATE EQUATIONS OF THE FIRST DEGREE OI 


But it is one-sided inasmuch as it has admittedly in 
view a problem of the second variety where we have 
indeed to find an unknown multiplier. But the rules of 
the earlier .algebraists such as Aryabhata I and Brahma- 
gupta were formulated with a view to the solution of a 
problem of the first variety. So the considerations 
which led those early writers to adopt the name Axttaka 
must have been different. Mahavira has once stated 
that, according to the learned, &v/Z/&ára is another name 
for “the operation of praksepaka” (lit., throwing, scatter- 
ing, implying division into parts) In fact, his writ- 
ing led his translator to interpret &w///&dra as “propor- 
tionate division", “a special kind of division or distribu- 
tion."? Bháskara I, who had in view a problem of the 
second variety, once remarked, ‘the number is obtained 
by the operation of pulverising (Awttana), when it is 
desired to get the multiplier (guzaeára). ..."9 It will 
be presently shown that the Hindu method of solving the 

equation by — ax == + cis essentially based on a process 
of deriving from it successively other similar equations 
in which the values of the coefficients (a, b) become 
smaller and smaller.4 Thus the process is indeed the 
same as that of breaking a whole thing into smaller 
pieces. In our opinion, it is this that led the ancient 
mathematicians to adopt the name &x//z€a for the opera- 
tion. 


Preliminaty Operations. It has been remarked 
by most of the writers that in order that an equation 


1 *"Praksepaka-karanamidarn.. ... kuttikáro budhaissamuddis- 
tam"— GSS, vi. 794. 
? Vide GSS (English translation), pp. 117, 300. 
3 “K rta-kuttana-labdha-rásimesám 
Gunakáram samuéanti...... "7 —MBL, i. 48. 
4Tt has been expressly stated by Süryadeva Yajvá that the 
process must be continued “ydvaddharabhajyayoralpata.” 
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of the form 
by— ax —-Ee or byt+ax=e+e 

may be solvable, the two numbers a and J must not have 
a common divisor; for, otherwise, the equation would 
be absurd, unless the number; had the same common 
divisor. So before the rules adumbrated hereafter 
can be applied, the numbers a, b, ¢ must be made prime 
(drdba = firm, niccheda = having no divisor, urapa- 
varta = irreducible) to each other. 

Thus Bhâskara I observes: 

“The dividend and divisor will become prime to 
each other on being divided by the residue of their 
mutual division. The operation of the purve sce 
should be considered in relation to them." — 

Brahmagupta says: 

*Divide the multiplier and the divisor mutually 
and find the last residue; those quantitics being divided 
by the residue will be prime to each other."? 

Aryabhata II has made the preliminary operations 
in successive stages. These will be described later on.3 

Sripati states: 

*"The dividend, divisor and interpolator should 
be divided by their common divisor, if any, so that it 
may be possible to apply the method to be described."* 

“Tf the dividend and divisor have a common 
divisor, which is not a divisor of the interpolator then 
the problem would be absurd.’ 

Bhaskara II writes: 
“As preparatory to the method of the pulveriser, 


1 MBB, i. 41. 2 BrSpSi, xviii, 9. 
3 Vide infra, p. 104. 2 Sife, xiv. 22. 
5 SiSe, xiv. 26. 
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„the dividend, divisor and interpolator must be 
divided by a common divisor, if possible. If the 
number by which the dividend and divisor are divisible, 
does not divide the interpolator then the problem 
is absurd. The last residue of the mutual divi- 
sion of two numbers is their common divisor. The 
dividend and divisor, being divided by their common 
divisor, become prime to each other." 

Rules similar to these have been given also by 
Nàràyana,? Jňânarâja and Kamalákara? So in our 
subsequent treatment of the Hindu methods for the 
solution in positive integers of the equation by + ax 
= +c, we shall always take, unless otherwise stated, 
a, b prime to each other. 


Solution of by — ax = +e 


Aryabhata I's Rule. The rule of Aryabhata I (499)! 
is rather obscure inasmuch as all the operations intend- 
ed to be carried out have not been described fully and 
clearly. So it has been misunderstood by many writers.? 
Following the interpretation of the rule by Bháskara 
I (525), a direct disciple of Aryabhata I, Bibhutibhusan 
Datta has recently given the following translation:? 


1L, p. 76; BB, pp. 24f. 2 NBi, I, R. 53-4. 

? SIT Vi, xiii. 179ff. 4A, ii. 32-3. 

5L. Rodet, “Leçons de calcul d'Áryabhatta," JA, XIII, 
1878, pp. 303ff G. R. Kaye, “Notes on Indian Mathematics. 
No. 2—Aryabhata,” | ASB, IV, 1908, pp. 111ff, BCALS, IV, p. 55; 
N. K. Mazumdar, “Atyyabhatta’ s rule in relation to Indeterminate 
Equations of the First Degree,” BCMS, III, pp 11-9; P. C. Sen 
Gupta, “Aryabhatiyam,” Jour. Dept. Let. Cal. Univ., XVI, 1927; 
reprint, p. 273 S. K. Ganguly, BCMS, XIX, 1928, pp- 170ff; 
W. E. Clark, abban tyaof Aryabhata, Chicago, 1930, pp. 42ff. 

6 Bibhutibhusan Datta, “Elder Aryabhata’s rule for the 
solution of indeterminate equations of the first degree,” BCMS, 
XXIV, 1932, pp. 35-53. 


Pune Mathematical Physics 


94 ALGEBRA 


*Divide the divisor corresponding to the greater 
remainder by the divisor corresponding to the smaller 
remainder. The residue (and the divisor corresponding 
to the smaller remainder) being mutually divided, 
the last residue should be multiplied by such an optional 
integer that the product being added (in case the number 
of quotients of the mutual division is even) or subtracted 
(in case the number of quotients is odd) by the difference 
of the remainders (will be exactly divisible by the last 
but one remainder. Place the quotients of the mutual 
division successively one below the other in a column; 
below them the optional multiplier and underneath it 
the quotient just obtained). Any number below (/e., 
the penultimate) is multiplied by the one just above it 
and then added by that just below it. Divide the last 
number (obtained by doing so repeatedly!) by the divisor 
corresponding to the smaller remainder; then multiply 
the residue by the divisor corresponding to the greater 
remainder and add the greater remainder. (The result 
will be) the number corresponding to the two divisors.” 


He has further shown that it can be rendered also 
as follows: 


“Divide the divisor corresponding to the greater 
remainder by the divisor corresponding to the smaller 
remainder. The residue (and the divisor corresponding 
to the smaller remainder) being mutually divided 
(until the remainder becomes zero), the last quotient 
should be multiplied by an optional integer and then 
added (in case the number of quotients of the mutual 
division is even) or subtracted (in case the number of 
quotients is odd) by the difference of the remainders. 
(Place the other quotients of the mutual division succes- 


1 The process implied here is shown in detail in the working 
of the example on pages 113f. 
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sively one below the other in a column; below them the 
result just obtained and underneàth it the optional in- 
teger). Any number below (Ze, the penultimate) 
is multiplied by the one just above it and then added 
by that just below it. Divide the last number (obtained 
by doing so repeatedly) by the divisor corresponding 
to the smaller remainder; then multiply the residue 
by the divisor corresponding to the greater remainder 
and add the greater remainder. (The result will be) 
the number corresponding to the two divisors.” 


Aryabhata’s problem is : To find a number (N) 
which being divided by two given numbers (a, 4) will 
leave two given remainders (R, Rj).! This gives: 

N — ax R — by 4- R,. 
Denoting as before by ¢ the difference between R, and 
R, we get 

() by=ax-+e, if R >R, 

or (i) ax =b +a if R >R, 
the equation being so written as to keep c always posi- 
tive. Hence the problem now reduces to making either 


ax Lc às by te 
b a 

according as R, > R, or R, » R, a positive integer. 
So Aryabhata says: “Divide the divisor corresponding 
to the greater remainder etc." 


11t has already been stated (p. 90) that in a problem of the 
first variety which gives an equation of the above form (and in 
which R, > R,). 
a = divisor corresponding to greater remainder, 
b == divisor corresponding to lesser remainder, 
R, — greater remainder, 
Ra = lesser remainder. 
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Suppose R, > R,; then the equation to be solved 
will be 


ax + e = by (I) 
4, b being prime to each other. 
Let 
Pa (q 
bq 
rnb (4 
Ph 
rjr, (d, 
Tafa 
Ta 
Las) Tm- (Imi 
Immi 
Tm) m-i (Fm 
mim __ 
EE 
Then, we get! 
4 — bq d ny 
b = rud. F ro 


l 
ri = af 18 
Ta = Ta F Pa 


Fm- EE f m-1]m-1 + Pino 
ma Tne Flt 
Now, substituting the value of 4 in the given equa- 
tion (D, we get , ; 
— Zi)X -T €. 
Therefore DOT 
I = qx dy 


1 When a < b, we shall have 4 = o, 7, = a. 
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where by — rx c. 
In other words, since a = bg + r,, on putting 
J 0 qx A, (x) 
the given equation (1) reduces to 
by, — rx d- e. (T. 1) 


Again, since b = r,q, -F 7a 
putting similarly x = q, + ^ 
the equation (l. 1) can be further reduced to 
PN tao = E (1. 2) 
and so on. 
Writing down the successive values and reduced 
equations in columns, we have 


G) — 79 qx by, = 4x + 6, (1. 1) 

(2) X = AI dx, AX, 7251 — 6 (I. 2) 

G) Ji = gi F Os TaJ =r +6 (T. 3) 

(4) XQ = dg Ya H Ns, PFaXaà = Me Ya — €, (d. 4) 

(5) Ja aXe +o TaJ' mm yg + 6, (I. 5 

(6) Xa == gs I3 T X8 Tag = "gy. — 6, (I. 6) 
(24-—1) Ina = Jono n-1 + J| F'an-2)'n = Tanna +S, (I. 2A — 1) 


(24) Xn-1 = dan-17'n F Xn» | l'anciYXn 7— l'an — 6, (I. 22) 
(24 + 1) Yn = danXn + Int |! Pann = onan tbe, (I. 24 +1) 

Now the mutual division can be continued either 
(7) to the finish or (77) so as to get a certain number of 
quotients and then stopped. In cither case the number 
of quotients found, neglecting the first one (4), as is 
usual with Aryabhata, may be even or odd. 

Case i. First suppose that the mutual division 
is continued until the zero remainder is obtained. Since 
a, b are prime to each other, the last but one remainder 
is unity. 

Subcase (7. Y). Let the number of quotients be 
even. We then have 


Ton = ls Fangi 75 Os Yon = Ponar 
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mutual division, one below the other, in the form of a 
chain. Now find by what number the last remainder 
should be multiplied, such that the product being sub- 
tracted by the (given) residue (of the revolution) will 
be exactly divisible (by the divisor corresponding to 
that remainder) Put down that optional number 
below the chain and then the (new) quotient underneath. 
Then multiply the optional number by that quantity 
which stands just above it and add to the product the 
(new) quotient (below). Proceed afterwards also in the 
same way. Divide the upper number (/.%., the multi- 
plier) obtained by this process by the divisor and 
the lower one by the dividend; the remainders will 
respectively be the desired ahargana and the revolutions.” 

The equation contemplated in this rule is? 

ax — 6 

b 

This form of the equation seems to have been chosen 
by Bhaskara I deliberately so as to supplement the form 
of Aryabhata I in which the interpolator is always 
made positive by necessary transposition, Further P is 
taken to be greater than a, as is evident from the 
following rule, So the first quotient of mutual division 
of aby b is always zero. This has not been taken 
into consideration. Also the number of quotients in 
the chain is taken to be even. 


= a positive integer. 


1 MBB, i. 42-4. 
The above rule has been. formulated with a view to its 
application in astronomy. 
2 As already stated on p. 9o, when the equation is stated in 
this second form 
4 — dividend, 
divisor, 
interpolator, 
multiplier, 
quotient. 


€ 
x 


J 


tt td 
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He further observes: 

“When the dividend is greater than the divisor, 
the operations should be made in the same way (;.e., 
according to the method of the pulveriser) after delet- 
ing the greatest multiple of the divisor (from the divi- 
dend). Multiply the (new) multiplier thus obtained by 
that multiple and add the (new) quotient; the (result 
will be the quotient here (required)."! 


That is to say, if in the equation 
ax + c= by, 
a= mb + a’, we may neglect the portion mb of the divi- 
dend and proceed at once with the solution of 


` 


a’x + c= by. 
Let x =a, y = f bea solution of this equation. Then 
aa -- c — bp; 
i (mb + a'a + e = b(ma + B), 
ot aa + e = b(ma + p). 


Hence x — a, y= ma + B is a solution of the 
given equation. . 


Brahmagupta's Rules. For the solution of Arya- 
bhata’s problem Brahmagupta (628) gives the following 
rule: 

“What remains when the divisor corresponding 
to the greater remainder is divided by the divisor corres- 
ponding to the smaller remainder—that (and the latter 
divisor) are mutuall divided and the quotients are 
severally set down one below the other. The last 
residue (of the reciprocal division after an even number 
of quotients has been obtained?) is multiplied by 


n 


1 MBA, i. 47. 
? Compare the next rule: “Such is the process when thc 
quotients (of mutual division) are even etc.” 
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such an optional integer that the product being added 
with the difference of the (given) remainders will be 
exactly divisible (by the divisor corresponding to that 
residue). That optional multiplier and then the (new) 
quotient just obtained should be set down (underneath 
the listed quotients). Now, proceeding from the lower- 
most number (in the column), the penultimate is 
multiplied by the number just above it and then added 
by the number just below it. The final value thus 
obtained (by repeating the above process) is divided 
by the divisor corresponding to the smaller remainder. 
The residue being multiplied by the divisor correspond- 
ing to the greater remainder and added to the greater 
remainder will be the number in view." 

He further observes: 

“Such is the process when the quotients (of mutual 
division) are even in number. But if they be odd, 
wnat has been stated before as negative should be made 
positive or as positive should ‘be made negative."? 

Regarding the direction for dividing the divisor 
corresponding to the greater remainder by the divisor 
corresponding to the smaller rergainder, Prthüdakasvámi 
(860) observes that it is not absolute, rather optional; 
so that the process may be conducted in the same way 
by starting with the division of the divisor correspond- 
ing to the smaller remainder by the divisor correspond- 
ing to the greater remainder. But in this case of inver- 
sion of the process, he continues, the difference of 
the remainders must be made negative. 


That is to say, the cquation 
by.— ex +e 
can be solved by transforming it first to the form 
ax = by — e, 


1 BrSpSi, xviii. 3-5. ? BrSpSi, xviii. 13. 
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so that we shall have to start withthe division of P by a. 


Mahávira's Rules. Mahavira (850) formulates his 
rules with a view to the solution of 


ax [4 
mes = Js 


in positive integers. He says: 


“Divide the coefficient of the unknown by the 
given divisor (mutually); reject the first quotient and 
then set down the other quotients of mutual division 
one below the other. When the residue has become 
sufficiently small, multiply it by an optional number 
such that the product, being combined with the inter- 
polator, which if positive must be made negative (and 
vice versa) in case (the number of quotients retained is) 
odd, will be exactly divisible (by the divisor correspond- 
ing to that residue). Place that optional number and 
the resulting quotient in order, under the chain of quo- 
tients. Now add the lowermost number to the product 
of the next two upper numbers. The number (finally 
obtained by this process) being divided by the given 
divisor, (the remainder will be the least value of the 
unknown). : 


This method has been redescribed by Mahavira 
in a slightly modified form. Here he continues the 
mutual division until the remainder zero is obtained 
and further takes the optional multiplier to be zero, 


“With the dividend, divisor and remainder reduced 
(by their greatest common factor the operations should 
be performed). Reject the first quotient and set down the 
other quotients of mutual division (one below the other) 
and underneat.. them the zero? and the given remainder 


1 GSS, vi. 1154 (first portion). 
? We have emended sdgra of the printed text to &Aágra. 
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(as reduced) in succession. The remainder, being multi- 
plied by positive or negative as the number of quotients is 
even or odd, should be added to the product of the next 
two upper numbers. The number (finally obtained by 
the repeated application of this process) whether posi- 
tive or negative, being divided by the divisor, the 
remainder will be (the least value of) the multiplier." 

Aryabhata II. The details of the process adopted 
by Aryabhata II (950) in finding the general solution of 
(ax + c)/b = y in positive integers have been described 
by him thus: f 

“Set down the dividend, interpolator and divisor 
as stated (in a problem): this is the first operation. 

“Divide them by their greatest common divisor 
so as to make them without a common factor: this is the 
second operation. 

“Divide the dividend and interpolator by their 
greatest common divisor: the /bird operation. 

“Divide the interpolator and divisor by their” 
greatest common divisor: the fourth operation. 

“Divide the dividend and interpolator, then the 
interpolator (thus reduced) and divisor by their respec- 
tive different greatest common divisors: the fifth operation. 

“On forming the chain from these (reduced 
numbers), if the remainder becomes unity, then the 
object (of solving the problem) will be realised; but 
if the remainder in it be zero, the questioner does not 
know the method of the pulveriser. 

*Divide the (reduced) dividend and divisor reci- 
procally until the remainder becomes unity. (The quo- 
tients placed one below the other successively will form) 


1 GSS, vi. 1364 (first portion). Our interpretation differs from 
those of Rangacharya and Ganguly. 
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the (auxiliary) chain. Note down whether the number 
of quotients is even or odd. Multiply by the ultimate 
the number just above it and then add unity. The chain 
formed on replacing the penultimate by this result is 
the corrected one. Multiply by the un-destroyed 
(e. corrected) penultimate the number just above 
it, then add the ultimate number; (now) destroy 
the ultimate. On proceeding thus (repeatedly) we 
shall finally obtain two numbers which are (techni- 
cally) called &wzzz. I shall speak (later on) of those 
two quantities as obtained in the case of an odd number 
of quotients. If on dividing the dividend by the divisor 
once only the residue becomes unity, then the quotient 
is known to be the upper kutta and the remainder 
(.e., unity) the lower &użta. 


“The upper and lower &z//z thus obtained, being 
both multiplied by the interpolator of the given equation 
and then divided respectively by its dividend and divisor, 
the residues will be the quotient and multiplier respec- 
tively. 

“In the case of the third oper:tion (having been 
performed before) multiply the upper &w//a by the inter- 
polator of the question and the lower £u//a by the inter- 
polator as reduced by the greatest common divisor. The 
same should be done reversely in the case of the fourth 
operation. In the case of these two operations, the &v//a 
after being multiplied as indicated should be divided 
respectively by the dividend and divisor stated by the 
questioner, the residues will be the quotient and multi- 
plier respectively. 

“In the fifth operation, multiply the upper kutta 
by the greatest common divisor of the dividend and the 
interpolator, and the lower one by the other (e., the 
greatest common divisor of the given divisor and the 
reduced interpolator), The products are the inter- 
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mediate quotient and "multiplier. Multiply the divisor 
of the question by the intermediate quotient and also 
its dividend by the intermediate multiplier. Difference of 
these products is the required intermediate divider. The 
intermediate quotient and multiplier are multiplied by the 
interpolator of the question and then divided by the 
intermediate divider. The quotients thus obtained being 
divided respectively by the dividend and divisor of the 
question, the residues will be the quotient and multiplier 
(required). 

“The quotient and multiplier are obtained correctly 
by the process just described in the case of a positive 
interpolator when the chain is eyen and in the case of a 
negative interpolator if the chain is odd. In the case of 
an even chain and negative interpolator, also of an odd 
chain and positive interpolator, the quotient and multi- 
plier thus obtained are subtracted respectively from tne 
dividend and divisor made prime to each other and the 
residues give them correctly." 


The rationale of these rules will be easily found to 
be as follows: © 
( It will be noticed that to solve 
by = ax d v, ao 
in positive integers, Áryabhata II first finds the solution 
of 


. by — ax + 1. 
If x — a, y — f bea solution of this equation, we get 
bp = aa.-E 1, $ 
or b(cB) = a(ca) + c. 


Therefore x = ca, y= cp is a solution of (1). 
(ii) Let a = ag, c = cg; then (1) reduces to 
by’ -— ax -E e, 


1 MSi, xviii. x-14. 
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where y'= y/g. 
Let x — a, y’ = B be a solution of 


by’ — ax +1, 
so that we have 

£p — a'a + 1. 
Hence bge’B = a'gr'a + cg; 
or bap) = a(e’a) 4 c. 


Therefore x =a, y= ep is a solution of (1). 

(iii) Let b gb, c= gc"; then (1) reduces to 
by — ax’ +0", 

where x’ = x/g. If x’ = a, y= B be a solution of 


b'y = ax’ +1, 
we have 
bB = aa +i. 
Therefore b'g'c" B = ag'c"a + g'c”, 
Of b(c" p) = a(ca) + c. 


Hence x= ea, y= cB is a solution of (1). 
(v) Let a= ag, c = cig, b= bg" and d = cg”. 
Then the given equation by = ax + c reduces to 

By = ax! +6", 
where x” = x[g", 9’ = y[g. Now, if x’ — a, y -p 
be a solution of 

by’ — a'x' +1, 
we shall have, multiplying both sides by £2", 

Pag" B = a'gg”a + ge^, 


et DRB) = a(g”) + 88”, 
oe n) = of 4 E 
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Since gg” = a(g"a) ~ b(gB), we get 
sf ABD of o e) 
Iano) ~ xm] 7 “la jap] 
Therefore 


POTERE C) s e(gB) 
a(g”a) ~ bo) a(8”a) ~ bap) 

is a solution of the given equation by = ax +e. Since 
c = c” gg” = c” {a(g”a) ~ b(9g8)), both these values are 
integral. 

In each of the above cases the minimum values of 
x, y satisfying the equation by = ax + ¢ are given by the 
residues left on dividing the values of x, y as calculated 
above by b and a respectively, provided the two quo- 
tients are equal. 

Let x= P, y — Q be the solution as calculated 
above ; further suppose that 


P = mb + p, Q = na + q; 
where m,n are integers such that p < b, q <a. 
If 5 £ n, the minimum solution is either 
= x = (m — nb 
o gh@ 8 FSP Te 
according as # < or > n. Now, if the interpolator c 
is positive, it can be shown that (2) is not a solution. 
For, if it were, 
bq — ¢ 
a 


-— x, an integer, 


= (m — nb + p >b. 
But g <a, therefore, 


X es 9 


a 
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which is absurd. Therefore, (1) must be the minimum 
solution in this case, not (2). 

Similarly, if the interpolator ¢ is negative, it can 
be shown that (2) is the minimum solution, not (1). 


Hence the following rule of Aryabhata 11: 


“If the quotients (7, n) obtained in the case of any 
proposed question be not equal, then the (derived) 
value for the multiplier should be accepted and that of 
the quotient rejected, if the interpolator is positive. On 
the other hand when the interpolator is negative, then 
the (derived) value for the quotient should be accepted 
and that for the multiplier rejected. How to, obtain 
the quotient from the multiplier and the multiplier from 
the quotient correctly in all cases, I shall explain now. 
Multiply the (accepted) value of the multiplier by the 
dividend of the proposed question, add its interpolator 
and then divide by the divisor of the proposed question; 
the quotient is the corrected one. The product of the 
proposed divisor and the (accepted) quotient being 
added by the reverse of the interpolator and then divided 
by the dividend of the proposed question, the quotient 
is the (correct) multiplier." 


He has further indicated how to get all positive 
integral solutions of the equation by = ax + c¢ after 
having obtained the minimum solution. 

, “The (minimum) quotient and multiplier being 

added respectively with the dividend and divisor as stated 
in the question or as reduced, after multiplying both 
by an optional number, give various other values."? 

That is to say, if x = a, y= f be the minimum 
solution, the general solution will be 


x= by +a, y= am -- p. 


1 MSi, xviii. 15-8. 2 MSi, xviii. 20. 
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Sripati’s Rule. Sripati (1039) writes: 


“Divide the dividend and divisor reciprocally 
until the residue is small. Set down the quotients 
one below the other in succession: then underneath 
them an optional number and below it the correspond- 
ing quotient, the optional number being determined. 
thus: (the number) by which the last residue must be 
multiplied such that the product being subtracted by 
the interpolator and then divided by the divisor (corres- 
ponding to that residue), leaves no remainder. It is 
to be so when the number of quotients is even; in the 
case of an odd number of quotients the interpolator, 
if negattve, must be first made positive and conversely, 
if positive, must be made negative; so it has been taught 
by the learned in this (branch of analysis). Now multi- 
ply the term above the optional number by it (the 
optional number) and then add the quotient below. 
Proceeding upwards such operatign should be per- 
formed again and again until two numbers are obtained. 
The first one being divided by the divisor, (the residue) 
will give (the least value of) the multiplier; similarly 
the second being divided by the dividend, will give 
(the least value) of the quotient." 


Bhaskara IMPs Rules. Bháskara II (1150) des- 
cribes the method of the pulveriser thus: 


“Divide mutually the dividend and divisor made 
prime to each other until unity becomes the remainder 
in the dividend. Set down the quotients one under 
the other successively; beheath them the interpolator 
and then cipher at the bottom. Multiply by the 
penultimate the number just above it and add the 


1 SiSe, xiv. 22-25. 


This rule is the same as that of Bháskara I and holds under 
the same conditions. (See pp. 99f). 
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ultimate;.then reject that ultimate. Do so repeatedly 
until only. a pair of numbers is left. The upper one of 
these being divided by the reduced dividend, the remain- 
der is the quotient; and the lower one being divided 
by the reduced divisor, the remainder is the multiplier. 
Such is precisely the process when the quotients (of 
mutual division) are even in number. But when they 
are odd, the quotient and multiplier so obtained must 
be subtracted from their respective abraders and the 
residues will be the true quotient and multiplier"! 

Bháskara'II then shows how the process of solving 
a problem by the method of the pulveriser can some- 
times be abbreviated to a great extent. He says: 

“The ‘multiplier is found by the method of the 
pulveriser after reducing the additive and dividend by 
their common divisor. Or, if the additive (previously 
reduced or not) and the divisor be so reduced, the 
multiplier found (by the method) being multiplied by 
their common measure will be the true one. 


*Such is the process of finding the multiplier and 
quotient, when the interpolator is positive. On sub- 
tracting them from their respective abraders will be 
obtained the result for the subtractive interpolator."? 

Krsna (c. 1580) gives the following rationale of these 
rules: 

We shall have to solve in positive integers 

by = ax d v. () 
(/) Suppose g is the greatest common measure of «a 
and e, so that a= a'g, c = e'g. Then 

by = a'gx + eg 
or by! — a'x +’, (1.1) 
where y’ — y[g. If x =a, y= B bea solution of (1.1), 


1 BBs, pp. 256 L, p. 77. 2 BB, p. 26; L, pp. 78, 79. 
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Then, forming the chain as directed in the rule, we get 
I 
I 
I 
2 
2 
I 


go 
o 

By the rule, “Multiply by the penultimate the number just 
above it etc.," the two numbers obtained finally are 2430 
and 1530.4 Dividing these by 100 and 63 respectively, 
the remainders are 30 and 18. Hence x = 18, y = 30. 

Second Method. Reducing the dividend and the 
additive by their greatest common divisor (10), we have 
the statement: " 

Dividend = 10 ss 
Divisor = 65 Additive = 9 
Since 63) 10 (o 
o 


10) 65 (6 
6o 


3)10G 
9 


1 


1 Successive operations in the application of the rule are: 


1 1 | 1 | 1 m ! XY 2480 
1 1 | 1 1 | X 1530| 3 1530 
1 1 1 900} X 900| Y bh 
2 2 9 630| R 630; X $88 BR SZA 
2 g 270| 9 270| 9 xh | € LY] B 2A 
390| Y 90| Y BY; Y BY! Y A Y B 
90 ag ES EN EM EN 

8 8 | 4 à à à 
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we get the chain 


OO w AD 


> 


By the rule, “Multiply by the penultimate etc.," we 
obtain finally the numbers 27 and 171. Dividing them 
respectively by ro and 65, we get the residues 7 and 45. 
Since the number of quotients of the mutual division 
is odd, subtracting 7; and 45 from the corresponding 
abraders 10 and 63, we get; and 18. In this case we 
neglect 3. So x = 18; whence by the given equation 
jy — 30. Or, multiplying the quotient 3 as obtained 
above by the greatest common divisor ro, we get the 
same result y — 5o. 


Third Method. Reducing the divisor and the additive 
by their greatest common divisor (9), the statement is : 
Dividend = 199 Additive = 10 
ivisor — 7 


Since 
7) 100 (14 
8 
2)7 6 
6 
1 
we get the chain 
14 
3 
IO 
o 


By the rule, “Multiply by the penultimate etc," we 
obtain the two numbers 430 and 30. Dividing them » 
by 100 and 7 respectively, the residues are 30 and 2. 
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Multiplying the latter by the greatest common divisor 
9, We get x = 18 and y= 3o. 

Fourth Method. Dividing the divisor and the addi- 
tive by their common measure (9) and again the dividend 
and the reduced additive by their common measure 
(10), we have 


Dividend = 10 


Divisor = 7 Additive = I 
Since 7) 10 (1 
1 

3) 7 (2 

6 

T 

we get the chain 

I 
2 
I 
o 


By the rule, “Multiply by the penultimate etc.," we have 
finally the numbers 3 and 2. Dividing them by ro and 
7 respectively, the residues are the same. Multiplying 
them respectively by the common measure 1o of the 
dividend and reduced additive, and 9 of the divisor and 
additive, we get as before x = 18 and y = 30. 

Adding to these minimum values (18, 30) of (x, y) 
optional multiples of the corresponding abraders 
(65, 100), we get the general solution of 100% + 9o = 637 
in positive integers as x = 63m + 18, y = 100m -+ 30, 
where zz is any integer. 

Rules similar to those of Bháskara II have been 
given by Náráyana, Jfianaraja and Kamalákara.? 


1 NBi, L, R. 55-60. 2 $;T V5, xiii. 183-190. 
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Constant Pulveriser. Though the simple indeter- 
minate equation by = ax + 1 is solved exactly in the 
same way as the equation £y = ax + c and is indeed a 
particular case uf the latter, yet on account of its special 
use in astronomical calculations! it has received separate 
consideration at the hands of most of the Hindu algebra- 
ists. It may, however, be noted that the separate treat- 
ment was somewhat necessitated by the physical condi- 
tions of the problems involving the two types. In the 
case of by = ax + v the conditions are such that the value 
of either y or x, more particularly of the latter, has to be 
found and the rules for solution are formulated with 
tnat object. But in the case of the other (by = ax + 1) 
the physical conditions require the values of both y and x. 


The equation fy = ax + 1 is generally called by the 
name of sthira-kuttaka or the “constant pulveriser" (from 
sthira, meaning constant, steady) Prthadakasvami 
(860) sometimes designates it also as drdha-kuttaka (from 
drdba = firm). But that name disappeared from later 
Hindu algebras because the word drdha was employed 
by later writers? as equivalent to niccheda (having no 
divisor) or mirapavaria (irreducible). The origin of the 
name ‘‘constant pulveriser” has been explained by 
PrtkGdakasvami as being due to the fact that the inter- 
polator (+ 1) is here invariable. Gane$a? (1545) explains 
it in detail thus: In astronomical problems involving 


1 Thus Bháskara II observes, “This method of calculation is 
of great use in mathematical astronomy.” (BBs, p. 31). He 
then points out how the solutions of various astronomical 
problems can be derived from the solution of the same indeter- 
minate equation. (BB7, p. 32; L, p. 81). 

2 This special technical use of the word drdba occurs befcre 
Brahmagupta (628) in the works of Bháskara I (522). 

3 [ide his commentary on the L//érarf£ of Bháskara II. 
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equations of the type by — ax = +e, the physical 
conditions are such that the dividend (z) and the divisor 
(P) are constant but the interpolator (¢) always varies; so 
for their solution different sets of operations will have 
to be performed if we start directly to solve them all. 
But starting with the equation by — ax = + 1, we can 
derive the necessary solutions of all our equations from 
a constant set of operations. Hence the name is very 
significant. A similar explanation has been given by 
Krsna (v. 1580). 
Bháskara I's Rule. Bhaskara I (522) writes : 


‘The method of the pulveriser is applied also after 
subtracting unity. The multiplier and quotient are 
respectively the numbers above and underneath. Multi- 
plying those quantities by the desired number, divide by 
the reduced divisor and dividend; the residues are in 
this case known to be the (elapsed) days and (residues of) 
revolutions respectively.^! 


In other words, it has been stated that the solution 
of the equation 
dX —6 


pm 
can be obtained by multiplying the solution of 
4X —1 | 
pose 


by ¢ and then abrading as before. In general, the 
solution of the equation by = ax + cin positive integers 
can be easily derived from that of by — ax +1. If 
X == a, y = f be a solution of the latter equation, we 
shall have 
bB — ca + 1. 
Then b(cB) = a(ea) 4- v. 


1 MBB, i. 45. 
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Hence x =ca, y = «f is a solution of the former. The 
minimum solution will be obtained by abrading the 
values of x and y thus computed by 7 and z respectively, 
as indicated before. 


Brahmagupta's Rule. To solve the equation 
by — ax — 1, Brahmagupta gives the following rule : 


“Divide them (Z.e., the abraded coefficient of the 
multiplier and the divisor) mutually and set down the 
quotients one below the other. The last residue (of the 
reciprocal division after an even! number of quotients 
has been obtained) is multiplied by an optional integer 
such that the product being diminished by unity will 
be exactly divisible (by the divisor corresponding to 
that residue). The (optional) multiplier and then this 
quotient should be set down (underneath the listed 
quotients). Now proceeding from the lowermost term 
to the uppermost, by the penultimate multiply the term 
just above it and then add the lowermost number. (The 
uppermost number thus calculated) being divided by the 
reduced divisor, the residue (is the quantity required). 
This is the method of the constant pulveriser."? 


Bháskara IPs Rule. Bháskara II (1150) writes : 


“The multiplier and quotient determined by sup- 
posing the additive or subtractive to be unity, multiplied 
severally by the desired additive or subtractive and then 
divided by their respective abraders, (the residues) will 
be those quantities corresponding to them (7.e., desired 
interpolators)."? 


This rule has been reproduced by Náráyana.* We 
take the following illustrative example with its solution 


1 In view of the rule in BrSpJSi, xviii. 13. 
2 BrSpSi, xviii. 9-11. 3 BBi, p. 31; L, p. 81. 
4 NB, I, R. 65. 
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from Bháskara II :1 
221x + 65 — 
195 NA 
On dividing by the greatest common divisor 15, 
we get 
17X +S .— 
15 xD 
Now, by the method of the pulveriser the solution of the 
equation 
xr 
T 
is found to be x—7, y=8. Multiplying these values by 
5 and then abrading by 15 and 17 respectively, we get 
the required minimum solution x=5, y=6. 
Again a solution of 
I7X — 1 — 
TRA 
will be found to be x—8, y=g9. Multiplying these 
quantities by 5 and abrading by 15 and 17, we get the 
solution of 


17% — 5 


oe 


to be x—10, y=11, 


Solution of by + ax = +e 


An equation of the form by + ax = +4 ¢ was gene- 
rally transformed by Hindu algebraists into the form 
by = — ax 4- e so that it appeared asa particular case 
of by = ax +c in which a was negative. 


Brahmagupta's Rule. Such an equation seems to 


1 BB, pp. 28, 31; L, pp. 77, 81. 
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have been solved first by Brahmagupta (628). But his 
rule is rather obscure: ‘“The reversal of the negative 
and positive should be made of the multiplier and inter- 
polator.”!  Prthüdakasvámi's explanation does not 
throw much light on it. He says, “If the multiplier be 
negative, it must be made positive; and thc additive 
must be made negative: and then the method of the 
pulveriser should be employed." But he does not 
indicate how to derive the solution of the equation 


. by = —axte (1) 
from that of the equation 
by = ax — ¢ (2) 


The method, however, seems to have been this : 

Let x = a, y = fi be the minimum solution of (2). 
Then we get 

bp = cae 
or bla — p) = — a(a — b) + e. 
Hence x = a — b, y = a — pis the minimumsolution of 
(1). This has been expressly stated by Bháskara II and 
others. 

Bháskara IPs Rule. Bháskara II says : 

“Those (the multiplier and quotient) obtained for 
a positive dividend being treated in the same manner 
give the results corresponding to a negative dividend.’ 

The treatment alluded to in this rule is that of 
subtraction from the respective abraders. He has fur- 
ther elaborated it thus : 

“The multiplier and quotient should be deter- 
mined by taking the dividend, divisor and interpolator 
as positive. They will be the quantities for the 
additive interpolator. Subtracting them from their 


2 BrSpSi, xviii, 15. i ? BBi, p. 26. 


Pune Mathematical Physics 


I22 ALGEBRA 


respective abraders, the quantities for a negative inter- 
polator are found. If the dividend or divisor be nega- 
tive, the quotient should be stated as negative"! 

Narayana. Narayana (1350) says: 

“In the case of a negative dividend find the multi- 
plier and quotient as in the case of its being positive 
and then subtract them from their respective abraders. 
One of these results, either the smaller one or the greater 
one, should be made: negative and the other positive.’ 


Illustrative Examples. Examples with solutions 
from Bháskara II :3 


Example 1. 13y = — 60x + 5. 

By the method described before we find that the 
minimum solution of 

13y = box + 3 

is x = 11, y — 51. Subtracting these values from their 
respéctive abraders, namely 13 and 60, we get 2 and 9. 
Then by the maxim. “In the case of the dividend and 
divisor being of different signs, the results from the 
operation of division should be known to be so," 
making the quotient negative we get the solution of 


. 13y = — 6ox + 3 
as x = 2, y = — 9. Subtracting these values again from 
their respective abraders (15, 60), we get the solution of 
13y = — box — 3 
as x = II, y= — 51. 


Example 2. — 11y = 18x + 10. 
Proceeding as before we find the minimum solution 


of 11y = 18x + xo 


45 


1 BBi, p. 29. 2 NB, I, R. 65. 
? BBi, pp. 29, 5o. 3 
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to be x —8, y= 14. These will also be the values 
of x and y in the case of the negative divisor but the 
quotient for the reasons stated before should be made 
negative. So the solution of 

— 11y = 18x + 10 
is x — 8, y= — 14. Subtracting these (że. their 
numerical values) from their respective abraders, we get 
the solution of 

— 1Iy = 18x — 10 
as x= 3, Jy — 4. 

“Whether the divisor is positive or negative, the 
numercial values of the quotient and multiplier remain 
the same: when either the divisor or the dividend 
is negative, the quotient must always be known to be 
negative." 

The following example with its solution is from 
the algebra of Narayana :1 

TJ 50% Se Si 
The solution of 

7 = 30% + 3 
is x — 2, y — 9. Subtracting these values from the res- 
pective abraders, namely 7 and 30, and making one of 


the remainders negative, we get x = 5, y — — 21 and 
x = — 5, J = 21 respectively as solutions of 
Ty = — 30% 3. 


Particular Cases. The Hindus also tound special 
types of general solutions of certain particular cases of 
the equation by-+ax=c. For instance, we find in the 
Ganita-sdéra-samgraha of Mahavira (850) problems of the 
following type: 

“The verga (or colours) of two pieces of gold 
weighing 16 and 1o are unknown, but the mixture of 


NBi, I, Ex. 29. 
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them has the varna 4; what is the varna of each piece 
of gold ?”1 

If x, y denote the required varya, then we shall have 

16x -+ roy = 4 X 26; 
or in general 
ax + by = c(a + b). 
Therefore a(x — e) = be — y 
whence x =c + mja, y =c F mj, 
where 7 is an arbitrary integer. 

Hence the following rule of Mahavira : 

“Divide unity (severally) by the weights of the two 
ingots of gold. The resulting varna being set down at 
two places, increase or decrease it at one place and do 
reversely at the other place, by the unity divided by its 
own-quantity of gold (the results will be the corres- 
ponding varga)."? 

He has also remarked that “assuming an arbitrary 
value for one of the varna, the other can be found as 
before.’*3 

A variation of the above problem is found in the 
Lilévati? of Bháskara II : 

“On mixing up two ingots of gold of varpa 16 
and ro is produced gold of varna 12 ; tell me, O friend, 
the weights of the original ingots.’’4 

That is to say, we shall have to solve the equation 


16x + roy = 12(x + yy 


ax + by = e(x + y). 
Hence x = m(e— b, y= ma e), 
where m is an arbitrary integer. 


or in general 


1 GSS, vi. 188. 2 GSS, vi. 187. 
3 GSS, vi. 189. 1L, p. 26. 


Pune Mathematical Physics 


LINEAR EQUATION IN MORE THAN TWO UNKNOWNS 125 


Hence the rule of Bháskara II: 


“Subtract the resulting zarpa from the higher 
varpa and diminish it by the lower varna; the remain- 
ders multiplied by an' optional number will be the 
weights of gold of the lower and higher verga respec- 
tively.”1 

In the above example c — b = 2, a— ce = 4. So 
that, taking # — 1, 2, or 1/z, Bháskara II obtains the 
values of (x, y) as (2, 4), (4, 8) or (1, 2). He then 
observes that in the same way numerous other sets 
of values can be obtained. 


14. ONE LINEAR EQUATION IN MORE THAN 
TWO UNKNOWNS 


To solve a linear equation involving more than two 
unknowns the usual Hindu method is to assume arbi- 
trary values for all the unknowns except two and then 
to apply the method of the pulveriser. Thus Brahma- 
gupta remarks, “The method of the pulveriser (should 
be employed), if there be present many unknowns (in 
an equation)."? Similar directions have been given by 
Bháskara II and others.’ 


One of the astronomical problems proposed by 
Brahmagupta* leads to the equation : 
197x — 1644.) — & = 6302. 
_ 1644y + x + 6302 
197 
The commentator assumes y = 131. Then 
1644 y + 6435 


Hence 


x= LM 

197 í 
1L, p. 25. 2 BrSpSi, xviii. 5.1. 
3 BBz, p. 76. 4 BrSpSi, xviü. 55. 
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hence by the method of the pulveriser 
X= 41, Y=. 

The following example with its solution is from 
the algebra of Bhaskara II: 

“The numbers of flawless rubies, sapphires, and 
pearls with one person are respectively 5, 8 and 7 ; and 
O friend, another has 7, 9 and 6 respectively of the same 
gems. In addition they have coins to the extent of 9o 
and 62. ‘They are thus equally rich. Tell quickly, O 
intelligent algebraist, the price of each gem." 

If x, y, % represent the prices of a ruby, sapphire 
and pearl respectively, then by the question 


sx + 8y + 77 + 90 = 7x + 9y + 6x + 62. 
Therefore x= CERES 


Assume z--1; then 


gium WU m d. 
2 


whence by the method of the pulveriser, we get 

xX = I4 — Mm, y= 2m + i, 
where z is an arbitrary integer. Putting m= o, I, 2, 5,... 
we get the values of (x, y, x) as (14, 1, 1), (13,5, 1), 
(12, 5, 1), (11, 7, 1), etc. Bháóskara II then observes, 
"By virtue of a variety of assumptions multiplicity of 
values may thus be obtained." 

Sometimes the values of most of the unknowns 
present in an equation are assumed arbitrarily or in terms 
of any one of them, so as to reduce the equation to a 
simple determinate one. Thus Bháskara II says : 


“In case of two or more unknowns, x multiplied 
by 2 etc. (4.¢., by arbitrary known numbers), or divided, 


1 BBi, p. 77. 


Pune Mathematical Physics 


SIMULTANEOUS INDETERMINATE EQUATIONS I27 - 


increased or decreased by them, or in some cases 
(simply) any known values may be assumed for 
the other unknowns according to one’s own sagacity. 
Knowing these (the rest is an equation in one un- 
known).”? 

The above example has been solved again by 
Bháskara II in accordance with this rule thus :? 

(1) Assume x = 3g, y = 2x. Then the equation 
reduces to 

38% + 90 = 45% + 62. 

Therefore y= 4. Hence x = 12, y= 8. 


(2) Orassume y= 5, %= 3. Then the equation. 
becomes 
sx fist = 7x + 125. * 
Whence x= 13. 


15. SIMULTANEOUS INDETERMINATE EQUATIONS 
OF. THE FIRST DEGREE 


Sripati's Rule. We have described before the rule 
of Brahmagupta for the solution of simultaneous equa- 
tions of the first degree? In the latter portion of that 
rule there are hints for the solution of simultaneous 
indeterminate equations by the application of the method 
of the pulveriser. Similar rules have been given by 
later Hindu algebraists. Thus Sripati (1039) says : 

“Remove the first unknown from any one side of an 
equation leaving the rest, and remove the rest from the 
other side. Then find the value of the first by dividing 
the other side by its coefficient. If there be found thus 
several values (of the first unknown), the same (opera- 


1 BBs, p. 44. 2 BBs, p. 46. 
3 See pp. 54f. 
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tions) should be made again (by equating two and two 
of those values) after reducing them to a common deno- 
minator. (Proceed thus repeatedly) until there results 
a single value for an unknown. Now apply the method 
of the pulveriser; and from the values (determined in 
this way) the other unknowns will be found by pro- 
ceeding backwards. In the pulveriser the multiplier 
will be the value of the unknown associated with the 
dividend and the quotient, of that with the divisor." 


Bháskara IPs Rule. Bháskara II (1150) writes: 


* Remove the first unknown from the second side 
of an equation and the others as well as the absolute 
number from the first side. Then on dividing the 
second side by the cocfficient of the first unknown, its 
value will be obtained. If there be found in this way 
several values of the same unknown, from them, after 
reduction to a common denominator and then droppin 
it, values of another unknown should be determined. 
In the final stage of this process, the multiplier and 
quotient obtained by the method of the pulveriser 
will be the values of the unknowns associated with the 
dividend and the divisor (respectively). If there be 
several unknowns in the dividend, their values should be 
determined after assuming values of all but one arbitrari- 
ly. Substituting these values and proceeding reversely, 
the values of the other unknowns can be obtained. If on 
so doing there results a fractional value (at any stage), 
the method of the pulveriser should be employed again. 
Then determining the (integral) values of the latter 
unknowns accordingly and substituting them, the values 
of the former unknowns should be found proceeding 
reversely again." 


A similar rule has been given by Jüánarája. 


1 Sife, xiv. 15-6. 2 BB, p. 76. 
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Example from Bháskara II: 


** (Four merchants), who have horses 5, 5, 6 and 8 
respectively ; camels 2, 7, 4 and 1; whose mules are 8, 
2, 1 and 3; and oxen 7, 1, 2 and x in number; are all 
owners of equal wealth. Tell me instantly the price of 
a horse, etc." 

If x, y, %, w denote respectively the prices of a 
horse, a camel, a mule and an ox, and W be the total 
wealth of each merchant, we have 


jx + zy-F 834+ gw = W (1) 
3x + + 2x do — WO (2) 
6x + 4y + & + 2w = W (3) 
8x +y + 3z bor SW (4) 
Then x = (57 — 6% — 62), from (x) and (2) 


= (3y + %—), from (2) and (3) 
= My — 27 +»), from (3) and (4) 
From the first and second values of x, we'get 
J = yox + 162); 
and from the second and third values, we have 
J = (8z — 5»). 
Equating these two values of y and simplifying, 
207 + 16m = 247 — 15w. 


Therefore z = x : 


Take w= 4i; then 
s z = 314, y= 764 x -—85í. 
Special Rules.  Bháskara II observes that the 


physical conditions of problems may sometimes be such 
that the ordinary method of solving simultaneous in- 


1 BR, p. 79. 
9 
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determinate equations of the first degree, which has 
been just explained, will fail to give the desired result. 
One:such problem has been described by him as 
follows : 

“Tell quickly, O algebraist, what number is that 
which multiplied by 23 and severally divided by 6o 
and 80 leaves remainders whose sum is 100.1 

Let the number be denoted by x; the quotients by 
u, v; and the remainders by s, 7. Then we have 

23X — ico» 23x — f 
60 ^ 80 

also s + f= 100. 
| bou+ s _ 8o» 4- f 
BEES 23 

bou + 8o» 4- s -- 7 
X Om ————————— 

46 
"m 30H -]- gov -+ jo 
23 

For the solution of the above he observes : 

“Here, (although) there is more than one quotient 
(#, v) in the dividend, the value of any should not be 
arbitrarily assumed ; for on so doing the process will 
fail"? “In a case like this," continues he, "the (given) 
sum of the remainders should be so broken up that 
each remainder will be less than the divisor corres- 
ponding to it and further that impossibility will not 
arise ; then must be applied the usual method.” 

In the present example we thus suppose s = 40, 
#== 60. Hence we have 

(Gox + 40 = 8or + 6o 


=r} 


Therefore x 


Hence " 


or 


1 BE, p. gt. 2 BBi, p. otf. 
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E Pei dO ME. 
60 3 


whence by the method of the pulveriser, we get 
v= 3w -+ 2, 4 = AW + 3. 
__ 240% + 220 
== EET 
Again, applying the method of the pulveriser in order to 
obtain an integral value of x, we have 
W = 23H d-1, x = 2405 + 20, 

If we take s = 30, / = 70, we shall find, by proceed- 
ing in the same way, another value of x as 240m + 9o. 

General Problem of Remainders. One type of 
simultaneous indeterminate equations of the first degree 
is furnished by the general problem of remainders, 
vig., to find a number N which being severally divided 
by 44, 4, dg, ..., 4, leaves as remainders 7r, 75, 73, ..., Tn 
respectively. 

In this case, we have the equations 

N = ayx, + Pam agg + Ty = 4gX3 + Fa = o 

= A, Xn tly: 

The method of solution of these equations was 
known to Aryabhata I (499). For this purpose the 
term dvicchedégram occurring in‘ his rule for the pulveriser 
must be explained in a different way so that the last line 
of the translations given before (pp. 94-5) will have to be 
replaced by the following: “(The result will be) the 
remainder corresponding to the product of the two 
divisors.”1 This explanation is, in fact, given by 
Bháskara I, the direct disciple and earliest commentator 
of Aryabhata I. Such a rule is expressly stated by 


Therefore x 


1 See Bibhutibhusan Datta, BCMS, XXIV, 1952. 
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Brahmagupta.? 


The rationale of this method is simple: Starting 
with the consideration of the first two divisors, we have 


N = aX, + ri = dgX_ + rs. 

By the-method described before we can find the 
minimum value a of x, satisfying this equation. Then 
the minimum value of N will be aao-+7,. Hence the 
general value of N will be given by 

N = alaa + a) + rfp 
= aqua + a + rfo 
where ¢ is an integer. Thus za + 7, is the remainder 
left on dividing N by ajap, as stated by Aryabhata I and 
Brahmagupta. Now, taking into consideration the third 
condition, we have 


N= aat + aya + ny = agXs + fs 
which can be solved in the same way as before. Pro- 


ceeding in this way successively we shall ultimately 
atrive at a value of N satisfying all the conditions. 


Prthadakasvami remarks: 


“Wherever the reduction of two divisors by a 
common measure is possible, there ‘the product of the 
divisors’ should be understood as equivalent to the 
product of the divisor corresponding fo the greater 
remainder and quotient of the divisor corresponding 
to the smaller remainder as reduced (ż.e., divided) by 
the common measure.? When one divisor is exactly 
divisible by the other then the greater remainder is the 
(required) remainder and the divisor corresponding to 


1 BrSpSi, xvili. 5. 
2 je, ifp be the L.C.M. of a and a, the general value of 
N satisfying the above two conditions will be 
N=pi+taa+n 
instead of N = ayant + aa n. 
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the greater remainder is taken as ‘the product of the 
divisors.’ (The truth of) this may be investigated by an 
intelligent mathematician by taking several symbols.” 
Examples from Bháskara I: 
(1) “Find that number which divided by 8 leaves 5 
as remainder, divided by 9 leaves 4 as remainder and 
divided by 7 leaves 1 as remainder." 


That is to say, we have to solve 
N= 8+ 5977 4=7%7 +1. 


The solution is given substantially thus: ‘The minimum 
value of N satisfying the first two conditions 


N= 8&+5=97+ 4 
is found by the method of the pulveriser to be r3. 
This is the remainder left on dividing the number by 
the product 8.9. Hence 

N= 72t¢+ 13 — 7& -- 1. 
Again, applying the same method we find the minimum 
number satisfying all the conditions to be 85. 

(2) “Tell me at once, O mathematician, that 
number which leaves unity as remainder when divided 
by any of the numbers from 2 to 6 but is exactly divisible 
by vd f 

By the same method, says Bhâskara I (522), the 
number is found to be 721. By a different method 
Süryadeva Yajva obtains the number 301. It is in- 
teresting to find that this very problem was afterwards 
treated by Ibn-al-Haitam (¢. 1000) and Leonardo 
Fibonacci cf Pisa (c. 1202).? 

To solve a problem of this kind Bhâskara II adopts 


1 See his commentary on A, ii. 32-3. 
3 L.E. Dickson, History of the theory of Numbers, Vol. II, 
referred to hereafter as Dickson, Numbers Il, pp. 59, 60» 
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two methods. One is identical with the method of 
Aryabhata I and the other follows from his general rule 
for the solution of simultaneous indeterminate equations 
of the first degree. "They will be better understood 
from his applications to the solution! of the following 
problem which, as Prthüdakasvámi (860) OBSERVES; 2 was 
popular amongst the Hindus: 

To find a number N which leaves ninder 5,4, 
3, 2 when divided by 6, 5, 4, 3 respectively. 


te, N=6x4+5= 574+ 4= 47+ 3 = 3942. 
(1) We have 


— I — 1 M — I 
x= Ue , y= ZI v= 3 . 


Now by the method of the pulveriser, we get from the 
last equation 


w= 4t+ 3, 7=3t+2, 
where ¢ is an arbitrary integer. Substituting in the 
second equation, we get 
I2/ -L- 7 
ENT 
To make this integral, we again apply the method of 
the pulveriser, so that 
Z—55-4-4, y-I25-LF 11. 
This value of y makes x a whole number. Hence we 
have finally 
w —205 + 19, Z = 155 + 14, y — 125 + 11, X — 105 + 9. 
V N= Gos + 59. 
(2) Or we may proceed thus : 
Since N=6x+5=57+ 4, i 


1 BBs, pp. 85f. 
2 Vide his commentary on BrSpSi, xviii. 5-6. 
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we have x= WT I 
But x must be integral, so y = 64+ 5, x= 5#+ 4. 
Hence N = 30f + 29. 
Again N = 30t + 29 = 4€ + 3. 
ES Pan cod. 
15 


Since / must be integral, we must have  — 155 + 14; 
hence 7 — 25 + 1. Therefore 


IN = Gos + 59. 


The last condition is identically satisfied. Prthüdaka- 
svami followed this second metho’ to solve the above 
problem. , 

Conjunct Pulveriser. The foregoing system of 
indeterminate equations of the first degree can be put 
into the form! 


bya = agx + a| (1) 


On account of its impottant applications in mathematical 
astronomy this modified system‘has received special 
treatment at the hands of Hindu algebraists from 
A-yabhata II (950) onwards. It is technically called 


1 For, we have 


axi t ru = AX + ry = dgXg + fg = e = Ag Xn F fy 
Then axa = 4X, + (r4 — rg), 
4169 ay 
4X3 — 0M + a (ry — r3); 
3 3 
aa. a. 
ax, = 2,42 (ry — ra) 
44 a 
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samslistakuttaka or the “conjunct pulveriser" (from, 
kuttaka = pulveriser and samslista = joined together, 
related). 

For the solution of the above system of equations 
Aryabhata II lays down the following rule : 


, “In the solution of simultaneous indeterminate 
equations of the first degree with a common divisor, 
the dividend will be the sum of the multipliers! and the 
interpolator the sum of the given interpolators."? 

A similar rule is given by Bháskara II. He says: 

“If the divisor be the same but the multipliers 
different then making the sum of the multipliers the 
dividend and the sum of residues the residue (of a 
pulveriser), the investigation is cartied on according to 
the foregoing method. This true method of the pul- 
veriser is called the conjunct pulveriser."$ 

Rationale. If the equations (1) are satisfied by 
some value a of x, then the same value will satisfy the 
equation 
b( 9, +g te JH (24 H 28 H LL) H Gt at...) (2). 

Thus, if we can find the géneral value of x satis- 
fying equation (2), one of these values, at least, will 
satisfy all the equations (1). 

To illustrate the application of the above Bháskara 
II gives the following example :* 

63), = 5X — 7 
61); = IOX — sa (4) 
Adding up the equations and dividing by the common 
factor 3, we get 
21Y = sx — 7, 


1In the equations (1), 4, 4} ... are called multipliers. 


2 MSi, xviii. 48. 3 BB, p. 33 ; L, p. 82. 
* BB, p. 35 ; L, p. 82. 
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where Y = y, + yg. By the method of the pulveriser 
the least positive value of x satisfying this equation is 
X = 14. This value of x is found to satisfy both the 
equations (A). 

Generalised Conjunct Pulveriser. A generalised 
case of the conjunct pulveriser is that in which the 
divisors as well as the multipliers vary. Thus we 
have 

AW = dax d ey, 
P ya = dgx + 6s, 
Pg Ja = daX H- Cay 


Simultaneous indeterminate equations of this type have 
been treated by Mahávira (850) and Sripati (1039). 
Mahávira says : 

“Find the least solutions of the first two equations. 
Divide the divisor corresponding to the greater solution 
by the other divisor (and as in the method of the pul- 
veriser find the least value of) the multiplier with the 
difference of the solutions as the additive. "That multi- 
plied by the divisor (corresponding to the greater 
solution) and then added by the greater solution (will be 
the value of the unknown satisfying the two equations)" 

A similar rule is given by Sripati : 

“Find the least solutions of the first two equations. 
Dividing the divisor corresponding to the greater solu- 
tion by the divisor corresponding to the smaller solution, 
the residue (and its divisor) should be mutually divided. 
Then taking the difference of the numbers as the addi- 
tive, determine (the least value of) the multiplier of the 
divisor corresponding to the greater solution in the 
manner explained before. Multiply that value by the 


1 GSS, vi. 1153, 1364 (last lines). 
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latter divisor and then add the solution (corresponding 
to it). The resulting number (severally) multiplied by 
the two multipliers and divided by the corresponding 
divisors will leave remainders as stated." 

The rationale of these rules will be clear from the 
following : i l 


Taking the first two equations, we have 

biJ = yx E 6 

ba Ya = dgX E fa. 
Suppose o, to be the least value of x satisfying the first 
equation as found by the method of the pulveriser. 
Then bm + a, where ; is an arbitrary integer, will 
be the general value of x satisfying that equation. 
Similarly, we shall find from the second equation the 
general value of x as ban + a9. Ifthe same value of x 
satisfies both the equations we must have 

bon + a, = bm + ay, 

or ban = by + (a, — ag); 
supposing a, > a. Solving this equation, we can find 
the value of # and hence of byw + a, of x satisfying 
both the equations. The general value of x derived 
from this may be- equated to the value of x from the 
third equation and the resulting equation solved again, 
and so on. 

In illustration, of his rule Mahávira proposed 
several problems. One of these has already been given 
(Part I, p. 233). Here are two others : 

(1) “Five (heaps of fruits) added with two (fruits) 
were divided (equally) between nine travellers; six 
(heaps) added with four (fruits) were divided amongst 
eight ; four (heaps) increased by one (fruit) were divided 


1 SiSe, xiv. 28. 
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amongst seven. Tell the number (of fruits in each 
heap)."1 
'This gives the equations : 


oy, $Xx-- 2, 8yg = 6x + 4, 773 — 4X +1. 


(2) “The (dividends) are the sixteen numbers 
beginning with 35 and increasing successively by three ; 
divisors are 32 and others successively increasing by 2; 
and 1 increasing by 3 gives the remainders positive and 
negative. What is the unknown multiplier ?’” 


This gives the equations : 


32) = 35X ck 1, 34g = 38x E 4, 369 — 41x +7, ... 

Alternative Method. In four palm-leaf manus- 
cript copies of the Li/dvati? of Bháskara I Sarada Kanta 
Ganguly discovered a rule describing an alternative 
tnethod for the solution of the generalised conjunct 
pulveriser. There is also an illustrative example. The 
genuineness of this rule and example is accepted by 
him; butit has been questioned by A. A. Krishna- 
swami Ayyangar* who attributes them to some commen- 
tator of the work. His arguments are not convincing.5 
The chief points against the presumption, which have 
been noted also by Ganguly, are: (1) the rule and example 
in question have not been mentioned by the earlier 
commentators of the Li/dvaff and (2) they have not been 
so far traced in any manuscript of the B//agati/a, though 
the treatment of the pulveriser occurs nearly word for 


1 GSS, vi. 1294. 3 GSS, vi. 1584. 

3S. K. Ganguly, "Bháskarácárya and simultaneous indeter- 
minate equations of the first degree,” BCMS, XVII, 1926, pp. 89- 
98. 

4A. A. Krishnaswami Ayyangar, 'Bháskara and samslishta 
Kuttaka," JIMS, XVIII, 1929. 

5 For Ganguly’s reply to Ayyangar's criticism see JIMS, XIX, 
1931. 
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word in the two works. Still we are in favour of 
accepting Ganguly's conclusion.! "The rule in question 
is this : 

“If the divisors as well as the multipliers be different, 
find the value of the unknown answering to the first 
set of them. That value being multiplied by the second 
dividend and then added by the second interpolator will 
be the interpolator (of a new &utfaka); the product of the 
second dividend and first divisor will be the dividend 
there and the divisor will be the second divisor. The 
value of the unknown multiplier determined from the 
kuttaka thus formed being multiplied by the first divisor 
and added by the previous value of the unknown multi- 
plier will be the value (answering to the two divisors). 
The dividend (for the next step) has been stated to be 
equal to the product of the two divisors. So proceed 
in the same way with the third divisor. And so on 
with the others, if there be many.” 

The rationale of this rule is as follows: Let a, be 
the least value of x satisfying the first equation of the 
system, viZ., 

DI, = ax d 6 
Hence the general value is x = 5,7 + a, where ¢ is any 
integer. Substituting this value in the second equation, 


we get 
ba Ya = agb, + (a20, + 69). 
If Z= x be a solution of this equation, a value of x 


1 Of the four manuscripts containing the rule and example in 
question two ate from Puri, in Oriya characters, with the com- 
mentary of Sridhara Mahápátra (1717); the other two, in Andhra 
characters and without any commentary, are preserved in the 
Oriental Libraries of Madras and Mysore. So these four manus- 
cript copies do not appear to have been drawn from the same 
source. This is a strong point in favour of the genuineness of the 
rule and example. 
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satisfying both the equations wil be a,= bt + a, 
as stated in the rule, Now the general value of 7 will 
be ;-—b,z--:, where m is an integer. Hence 
x= bt + a, = biban + bt + a, = biban + ap Subs- 
tituting this value in the third equation we can find the 
least value of z and hence a value of x answering to the 
three equations. And so on for the other equations. 

The example runs thus : 

“Tell me that number ,which multiplied by 7 and 
then divided by 62, leaves the remainder 3. That 
number again when multiplied by 6 and divided by 101 
leaves the remainder 5 ; and when multiplied by 8 and 
divided by 17 leaves the remainder 9. Also (give) at 
once the process of the pulveriser for (finding) the 
number with the remainders all positive." 


Symbolically, we have 
(1) 627, = 7x — 3, 1015 = 6x — 5, 17) = 8x — 9; 
(2) 62), = 7x + 5, 1014 = 6x + 5, 1793 = 8x + 9. 


16. SOLUTION OF Nx! + 1 =»? 


Square-nature. The indeterminate quadratic 
equation 
Nx? + ¢ = 9, 
is called by the Hindus Varga-prakrti or Krti-prakrti, 
meaning the “Square-nature.”! Bhaskara II (1150) 
states that the absolute number should be rZpa,? 
which means “unity” as well as “absolute number" in 
general. Kamalákara (1658) says: 


1 Varga = krti = “square” and prakrii = “nature,” “ptinci- 
ple,” “origin,” etc. Colebrooke has rendered the term rarga- 
pra&rti as “Affected Square.” 

2 “Tatra rüpaksepapadártham távat"—BBi, p. 33. 
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“Hear first the nature of the varga-prakrti : in it the 
square (of a certain number) multiplied by a multiplier 
and then increased or diminished by an interpolator 
becomes capable of yielding a square-root."! 


It was recognised that the most fundamental equa- 
tion of this class is 
Nx*?-pr--, 
where N is a non-square integer. 


Origin of the Name. As regards the origin of 
the name varga-prakrti, Krsna (1580) says: “That in 
which the. varga (square) is the prakrti (natute) is called 
the varga-prakrti; for the square of ydvat, etc., is the 
oe (origin) of this (branch of) mathematics. Or, 

ecause this (branch of) mathematics has originated from 
the number which is the prakrżi of the square of ydvat, 
etc., so it is called the varga-prakrti. In this case the 
number-which is the multiplier of the square of ydvat, 
etc., is denoted by the term prakrti. (In other words) 
it is the coefficient of the square of the unknown."? 
This double interpretation has been evidently suggested 
by the use of the term prakrti by Bháskara II in two 
contexts. He has denoted by it sometimes the quantity 
N of the above equation as in “There the number 
which is (associated) with the square of the unknown is 
the pra&rti;"? and at.other times x, as in “Supposing the 
square of one of the two unknowns to be the pra&rzi." 4 
Other Hindu algebraists have, however, consistently 


1 7T Vi, xiii. 208. 

? See his commentary on the Bíjagati/a of Bháskara II. 

s “Tatra varnavarge yo'ükah sa prakrtib" (BBj, p. 100). 
Compare also “Tatra yávattávadvarge yo’nkah så prakrtih” 
(p. 107); "Istarn hrasvarn tasya vargah prakrtyà ksunno..." (p. 33). 

$ '"Tatraikár varnakrtim prakrtim prakalpya...” (BBs, p. 106). 
Compare also ""Sarüpake varpakrzti tu yatra tatrecchaikám prakrtirn 
prakalpya..." (p. 105). 
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employed the term prakrti to denote N only.t Brahma- 
gupta (628) uses the term gupaka (multiplier) for the 
same purpose.? This latter term, together with its 
variation guna, appears occasionally also in later works.? 


We presume that the name varga-prakrti ortigi- 
nated from the following consideration : "The principle 
(prakrti) underlying the calculations in this branch of 
mathematics is to determine a number (or numbers) 
whose nature (prekrti) is such that its (or their) square 
(or squares, varga) or the simple number (or numbers) 
after certain specified operations will yield another 
number (or numbers) of the nature of a square. So the 
name is, indeed, very significant. This interpretation 
seems to have been intended, at any rate, by the earlier 
writers who used the term in a wider sense.4 It is 
perhaps noteworthy that we do not find in the works 
of Brahmagupta the use of the word pra&rti either in 
the sense of N or of x. 


Technical Terms. Of the various technical terms 
which are ordinarily used by the Hindu algebraists in 
connection with the Square-nature we have already 
dealt with the most notable one, pra&rti, together with 
its synonyms. Others have been explained by Prthü- 
dakasvámi (860) thus : 


“Here are stated for ordinary use the terms which 


1 For instance, Prthüdakasvámi (860) writes: “The multiplier 
(of the square of the unknown) is known as the fra&rzi ;" Sripati 
(1059):  "Krter-gunako — prakrtirbhréoktah" (SiSe, xiv. 32); 
Kamalakara: “Guno yo rasi-vargasya saiva prakrtirucyate." 

2 Br $557, xviii. 64. 

3 For instance, Sripati employs the term gunaka (SiSe, xiv. 32); 
Bhaskara II and Narayana use guna (BBi, p. 42; NB; I, R. 84).  , 

4 For instance, Brahmagupta seems to have considered the scope 
of the subiect wide enough to include such equations as 

x+y = 18, x — y= 0, oy + 1 =, 

amongst others (cf. BrSpSé, xviii. 72). 
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are well known to people. The number whose 
square, multiplied by an optional multiplier and then 
increased or decreased by another optional number, 
becomes capable of yielding a square-root, is designated 
by the term the lesser root (Aanistha-pada) or the first 
root (ddya-mila). The root which results, after those 
operations have been performed, is called by the name 
the greater root (jyesfba-bada) or the second root 
{anya-mila). If there be a number multiplying both 
these roots, it is called the augmenter (advartaka) ; and, 
on the contrary, if there be a number dividing the roots, 
it is called the abridger (apavartaka).”! 

Bháskara II (1150) writes : 

“An optionally chosen number is taken as the lesser 
root (Prasva-míla). That number, positive or negative, 
which being added to or subtracted from its square 
multiplied by the przkrt (multiplier) gives a result 
yielding a square-root, is called the interpolator 
{ksepaka). And this (resulting) root is called the greater 
root (jyestha-mtila).’?* 

Similar passages occur in the works of Narayana,® 
J&ánarája and Kamalákara.* 


_ The terms ‘lesser root’ and ‘greater root! do not 
appear to be accurate and happy. For if x = m, y =n 
be a solution of the equation Nx? + ¢ = y?, m will be 
less than 54, if N and c are both positive. But if they 
are of opposite signs, the reverse will sometimes happen.® 


1 See Prthüdakasvámi's commentary on BrSpJSi, xviii. 64. In 
the equation Nx? + ¢ = 9°, x = lesser root, y = greater root, 
N = multiplier, and ¢ = interpolator. 

3 BBi, p. 33. 

8 NB;, I, R. 72. 

5 SIT Vi, xiii. 209. 

J For instance, take the following example from Bháskara II 
(BBi, p. 43): 
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Therefore, in the latter case, where z > n, it will be 
obviously ambiguous to call z the lesser root and 7 
the greater root, as was the practice in later Hindu 
algebra. This defect in the prevalent terminology was 
noticed by Krsna (1580). He explains it thus: ‘These 
terms are significant. Where the greater root is some- 
times smaller than the lesser root owing to the intet- 
polator being negative, there also it becomes greater 
than the lesser root after the application of the Principle 
of Composition."! The earlier terms, ‘the first root’ 
(âdya-műla) for the value of x and ‘the second root’ or 
‘the last root! (antya-méla) for the value of y, are quite 
free from ambiguity. Their use is found in the algebra 
of Brahmagupta (628).2 The later terms appear in the 
works of his commentator Prthüdakasvámi (860). 


The interpolator is called by Brahmagupta &sepa, 
praksepa or praksepaka.® Sripati occasionally employs 
the synonym Aypz* When negative, the interpolator 
is sometimes distinguished as ‘the subtractive’ (sodhaka). 


15x? — 13 =}. 
„One solution of it is given by the author as x = 1, y = o; so that 
here the lesser root is greater than the greater root. The same is 
the case in the solution x = 2, y = 1 of his example (BBr, p. 43) 
— jx? + 21 = y*, 
Brahmagupta gives the example (Br$557, xviii. 77) 
3x* — 800 = jt, 
which has a solution (x = 20, y = 20) where the two roots are equal. 
1 For example, by composition of the solution (1, o) of the 
equation 13x? — 13= 9? with the solution (3, 44) of the equation 
13x? + 1 = )?, we obtain, after Bhaskara II, a new solution (5, 
35?) of tbe former, in which the greater root is greater than the lesser 
root. Similarly, by composition of the solution (2, 1) of the 
equation — 5x*-+ 21 = 5? with the solution ($, 8) of the equation 
— 5x®-+-1 — 7%, we get a new solution (1, 4) of the former 
satisfying the same condition. 
2 BrSpSt, xviii. 64, 66f. 3 Br 557, xviii. 65. 
4 ie, xiv. 32. 


IO 
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The positive interpolator is then called ‘the additive.'! 

Brahmagupta's Lemmas. Before proceeding to 
the general solution of the Square-nature Brahmagupta 
has established two important lemmas. He says: 

“Of the square of an optional number multiplied 
by the gunaka and increased or decreased by another 
optional number, (extract) the square-root. (Proceed) 
twice. The product of the first roots multiplied by the 
gunaka together with the product of the second roots 
will give a (fresh) second root ; the sum of their cross- 
products will be a (fresh) first root. The (corresponding) 
interpolator will be equal to the product of the (previous) 
interpolatprs,””2 

The rule is somewhat cryptic because the word 
dvidhé (twice) has been employed with double implica- 
tion. According to one, the earlier operations of finding 
roots are made on two optional numbers with two 
optional interpolators, and with the tesults thus obtained 
the subsequent operations of their composition are 
performed. According to the other implication of the 
word, the earlier operations are made with one optionally 
chosen number and one interpolator, and the subsequent 
ones ate carried out after the repeated statement of those 
roots for the second time. It is also implied that in the 
composition of the quadratic roots their products may 
be added together or subtracted from each other. 

That is to say, if x = a, y = f bea solution of the 
equation 

Nx? + k = 9’, 
and, x = a’, y = f' be a solution of 
Nx? + E = y?, 


then, according to the above, 


1 BrSpSi, xviii. 64-5. 2 BrSpSi, xviii. 64-5. 
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x = af’ + a’B, y = BB’ + Naa’ 
is a solution of the equation 
IN»? -+ &&' = yP. 
In other words, if 
Na? + — B 
. Na’? 4- K = f^), 
then 
N(af' t B) + kK = (BB? -E IN o^y. () 
In particular, taking a = o^, B = 9^, and k= A, 
Brahmagupta finds from a solution x = a, y = p of the 
equation 


Nx? + k=), 
a solution x = 2ap, y = f? + No? of the equation 
Nx? +- £2 = y*. 
That is, if 
è Na? EE k= 82, 
then 
N(2a8)? 4- &? = (p? + Ne). (II) 


This result will be hereafter called Brahmagupta’s 
Corollary. 

Description by Later Writers. Brahmagupta’s 
Lemmas have been described by Bhaskara I] (1150) thus : 


“Set down successively the lesser root, greater root 
and interpolator ; and below them should be set down 
in order the same or another (set of similar quantities). 
From them by the Principle of Composition can be 
obtained numerous roots. Therefore, the Principle of 
Composition will be explained here. (Find) the two , 
cross-products of the two lesser and the two greater 
roots ; their sum is a lesser root. Add the product of 
the two lesser roots multiplicd by the prakrti to the 
product of the two ‘greater roots ; the sum will be a 
greater root. In that (equation) the interpolator will be 
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the product of the two previous interpolators. Again 
the difference of the two cross-ptoducts is a lesser root. 
Subtract the product of the two lesser roots multiplied 
by the prakrti from the product of the two greater roots; 
(the difference) will be a greater root. Here also, the 
interpolator is the product of the two (previous) inter- 
polators,"l 


Statements similar to the above are found in the 
works of Nüáráyana? (1350), ]fanarája (1503) and 
Kamalakara® (1658). 

Principle of Composition. The above results 
ate called by the technical name, BAéraná (demonstration 
or proof, meaning anything demonstrated or proved, 
hence theorem, lemma ; the word also means composi- 
tion or combination). They are further distinguished as 
Samása Bhévand (Addition Lemma or Additive Composi- 
tion) and Antara Bbárasá (Subtraction Lemma or Sub- 
tractive Composition). Again, when the Bhévand is made 
with two equal sets of roots and interpolators, it is 
called Tu/ya Bhdvané (Composition of Equals) and when 
with two unequal sets of values, Atulya Bhdvané (Compo- 
sition of Unequals). Krsna has observed that when it 
is desired to derive roots of a Square-nature, larger in 
value, one should have recourse to the Addition Lemma 
and for smaller roots one should use the Subtraction 
Lemma. : 

Brahmagupta’s Lemmas were rediscovered and 
recognised as important by Euler in 1764 and by 
Lagrange in 1768. 

Proof. The proof of Brahmagupta’s Lemmas has 
been given by Krsna substantially as follows : 


1 BBs, p. 34. 2 NB;, I, R. 72-754. 
3 GTV, xiii. 210-214. 
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We have 
Na? + E, 
No’? + &’ = p”. 
Multiplying the first equation by f/2, we get 
` Nap”? + kp’? = p?p^2. 
Now, substituting the value of the factor 9/2 of the 
interpolator from the second equation, we get 
Nap”? + E(INa'? + k’) = BB", 
or Nop’? + Nka” + kk’ = B78”, 
Again, substituting the value of & from the first equa- 


tion in the second term of the left-hand side expression, 
we have 


Na’p’ + Na’2(6? — Na?) + kK = B°, 
or AN(a?9/2 4- a’2B2) + kk’ = B82 + Na?a, 
Adding -+ 2Nafe’B’ to both sides, we get 
N(ap’ + aB) + &&' = (pp + Nao’). 
Brahmagupta’s Corollary follows at once from the 
above by putting o^ = a, f = f and $’ = &. 
General Solution of the Square-Nature. It is clear 


from Brahmagupta's Lemma (I) that when two solutions 
of the Square-nature, 


Nx? 4 I zy 
are known, any number of other solutions can be found. 
For, if the two solutions be (a, b) and (^, b’), then two 
other solutions will be 
x z ab! + ab, y= bb’ + Naa’. 

Again, composing this solution with the previous ones, 
we, shall get other solutions. Further, it follows from 
Brahmagupta’s Corollary that if (a, 6) be a solution of 
the equation, another solution of it is (22b, b? + Na?). 
Hence, in order to obtain a set of solutions of the 
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Square-nature it is necessary to obtain only one solu- 
tion of it. For, after having obtained that, an infinite 
number of other solutions can be found by the repeated 
application of the Principle of Composition. Thus 
Sripati (1039) observes: ‘There will be an infinite (set 
of two roots)! Bhaskara II (1150) remarks: “Here 
(.e., in the solution of the Square-nature) the roots are 
infinite by virtue of (the infinitely repeated application 
of) the Principle of Composition as well as of (the 
infinite variety of) the optional values (of the first 
roots)? Narayana (1350) writes, “By the Principle of 
Composition of equal as well as unequal sets of roots, 
(will be obtained) an infinite number of roots.” 

Modern historians of mathematics are incorrect in 
stating that Fermat (1657) was the first to assert that 
the equation Nx? -+ 1 = y?, where N is a non-square 
integer, has an unlimited number of solutions in inte- 
gers.4 The existence of an infinite number of integral 
solutions was clearly mentioned by Hindu algebraists 
long before Fermat. \ 

Another Lemma. Brahmagupta says : 

“On dividing the two roots (of a Square-nature) by 


the square-root of its additive or subtractive, the roots 
for the interpolator unity (will be found)."'5 
That is to say, if x = a, y = D be a solution cf the 
equation 
Nx? + k == 9°, 
then x= ajk, y = B[& is a solution of the equaticn 
No? + 1 = 7". 
This rule has been restated in a different way thus : 
1 SiSe, xiv. 33. 
? *Thánantyam bhavandbhistathestatah”—BBy, p. 34. 


* NB, I, R. 78. Compare also S7T Vi, xiii. 217. 
“Smith, History, T, p. 453. 5 BrSpSi, xviii. 65. 
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“If the interpolator is that divided by a square 
then the roots will be those multiplied by its square- 
root," 


That is, suppose the Square-nature to be 
Nx? + pid = yi 
so that its interpolator 2?4 is exactly divisible by the 


square °. Then, putting therein # = x/p, v = y[p, 
we derive the equation 


Ne + d= 2, 


whose interpolator is equal to that of the original 
Square-nature divided by p?. It is clear that the roots 
of the original equation are p times those of the derived 
equation. 

Bháskara II writes: 


“If the interpolator (of a Square-nature) divided 
by the square of an optional number be the interpolator 
(of another Square-nature), then the two roots (of the 
former) divided by that optional number will be the 
roots (of the other) Or, if the interpolator be multi- 
plied, the roots should be multiplied."? 


The same rule has been stated in slightly different 
words by Náráyana? and Kamalákara.* jüánarája simply 
observes: 

“If the interpolator (of a Square-nature) be divided 
by the square of an optional number then its roots will 
be divided by that optional number." 


Thus we have, in general, if x = a, y = f be: 
solution of the equation 


Nx? + & zy 
1 BrSpSi, xviii. 7o. ? BBi, p. 34. 
3 NBi, I, R. 76-763. 4 SiTV7, xiii. 215. 
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x = ajz, y = B[m is a solution of the equation 

Nx + Ra? = y* 
and x = za, y = np is a solution of the equation 

Nx? + nk = y?, 
where w, n are arbitrary rational numbers. 

By this Lemma, the solutions of the Square-natures 
(4) 6x? + 12 =), 
Gi) 6x8 + 75 =P, 
and (i) 6x? + 300 = 9, 
can be derived, as shown by Bhaskara U, from 
those of 
6x? + 3 = 7, 
since 12 = 22,3, 75 = 52.3, and 300 = 102.3. How to 
solve this latter equation will be indicated later on. 
Rational Solution. In order to obtain a first 
solution of Nx? + 1 = 5»?.the Hindus generally suggest 
the following tentative method: Take an arbitrary 
small rational number a, such that its square multiplied 
by the gunaka N and increased or diminished by a 
suitably chosen rational number & will be an exact 
square. In other words, we shall have to obtain 
empirically a relation of the form 
No? + & = f$, 

where a, Å, B are rational numbers. This relation will 
be hereafter referred to as the Auxiliary Equation. Then 
by Brahmagupta’s Corollary, we get from it the relation 


N(2oB)? + k? = (B + Nay, 


= uaa : -(EXNEy. 


1 BBi, p. 41. 
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Hence, one rational solution of the equation Nx*-+ 1 
= J? is given by 

208 _ B? + Ne? 
pet Bo 

Srípati's Rational Solution. Sripati: (1039) has 
shown how a rational solution of the Square-nature 
can be obtained more easily and directly without the 
intervention of an auxiliary equation. He says: 

“Unity is the lesser root. Its square multiplied by 
the prakrti is increased or decreased by the prakrti 
combined with an (optional) number whose square-root 
will be the greater root. From them will be obtained 
two roots by the Principle of Composition"! 

If #? be a rational number optionally chosen, we 
have the identity 

INA? + (z? -- N) = #, 

or N. — (N — m = m. 

Then, applying Brahmagupta’s Corollary to either, we 
get 


x= (A) 


Nam)? + (98 ~ Ny = (P + NS 


2m m? t- Ny? 
N(R) aoe - 7 ~N 
m m* + N 

Hence x= = — IP J= ZER N? (B) 


where z is any rational number, is a solution of the 
equation 


Nx? + 1 = x". 


The above solution reappears in the works of later 
Hindu algebraists. Bhaskara II says : 


1 je, xiv. 35. 
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“Or divide twice an optional number by the differ- 
ence between the square of that optional number and the 
pra&rti. This (quotient) will be the lesser root (of a 
Square-nature) when unity is the additive. From that 
(follows) the greater root.”? 

Narayana states : 

“Twice an optional number divided by the difference 
between the square of that optional number and the 
gunaka will be the lesser root. From that with the 
additive unity determine the greater root.” 


Similar statements are found also in the works of 
Jfianaraja and Kamalakara.? 


i T 2M 
If # be an optional number, it is stated that — ——— 
m~ N 


is a lesser root of Nx? J- 1 =% Thėn, substituting 
that value of x in the equation, we oa 


^ —N(A S) +1, 
(2 x) 


nt m~ 
Hence the greater root is 
-7 a? + N N 
n~ N 
The same solution will be obtained by assuming 
. J= Mx —~ i. 
Krsna points out that it can also be found thus : 
4Nm* = (m +- Ny — (s? ~ NP, identically. 
SO ANA + (m ~ NE = (7? + NP, 


1 BBs, p. 34. 2 NB, I, R. 77f. 
3 $7TV i, xiii. 216. 
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2 2 Qo (m4 Ny? 

5 NGran) tax 
His remark that this method does not require the help 
of the Principle of Composition shows that Bháskara 1I 
and others obtained the solution in the way indicated 
by Sripati. 

The above rational solution of theSquare-nature has 
been hitherto attributed by modern historians of mathe- 
matics to Bháskara II. But it is now found to be due 
to an anterior writer, Sripati (1039). It was redis- 
covered in Europe by Brouncker (1657). 

Illustrative Examples. In illustration of the fore- 
going rules we give the following examples with their 
solutions from Bháskara II. 

Examples. “Tell me, O mathematician, what is that 
square which multiplied by 8 becomes, together with 
unity, a square; and what square multiplied by rr and 
increased' by unity, becomes a squate."! 


That is to say, we have to solve 
(G)  8x?-Ep r=)’, 
(2) nx + r= y. 

Solutions. “In the second example assume 1 as the 
lesser root. Multiplying its square by the prakrti, namely 
11, subtracting 2 and then extracting the square-root, 
we get the greater root as 3. Hence the statement for 
composition is? 


HU — 11 à =i £3 i=— 2 
pe 2 P-- 
1 BBj, p. 35. 
2 The abbreviations are: m = multiplier, / = lesser root, 
g = greater root and / = interpolator. In the original they are 


respectively pra, ka, jye, and Ase, the initial syllables of the cor- 
responding Sanskrit terms. 
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Proceeding as before we obtain the roots for the 
additive 4: Z= 6, g= 20, (for) ¿= 4. Then by the 
rule, ‘If the interpolator (of a Square-nature) divided by 
the square of an optional number etc.,! are found the 
roots for the additive unity: /= 3, g = 10 (for)  — rz. 
Whence by the Principle of Composition of Equals, we 
get the lesser and greater roots: /== 60, g = 199 (for) 
i— 1. In this way an infinite number of roots can be 
deduced. 

“Or, assuming 1 for the lesser root, we get for the 
additive 5 : / — 1, g = 4, (for)  — 5. Whence by the 
Principle of Composition of Equals, the roots are / — 8, 
g= 27, (for)  — 25. Then by the rule, ‘If the inter- 
polator (of a Square-nature) divided by the square 
of an optional number etc., taking 5 as the optional 
number, we get the roots for the additive unity: 
l = 8/5, g = 27/5, (for)  — 1. The statement of these 
for composition with the previous roots is . | 

m=i — /4—8[; g=27/5 i= 
1-53 g=I0 #=1 
By the Principle of Composition the roots are obtained 
as: Z= 161/5, g= 534/5 (for) 7=1. 

“Or composing according to the rule, ‘The differ- 
ence of the two cross-products is a lesser root etc.,’ we 
get the roots: /— 1/5, g=6/5 (for) ;— 1. And 
so on in many ways. 

“The two roots for the additive unity will now be 
found in a different way by the rule, *Or divide twice 
an optional number by the difference between the square 
of that optional number and the pra&rfi etc.’ Here, in 
the first example, assume the optional number to be 5. 
Its square is 9; multiplier is 8; their difference is 1; 


1 Vide supra, p. 151. 
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dividing by this twice the optional number, namely 6, 
we get the lesser. root for the additive unity as 6. 
Whence, proceeding as before, the greater root comes 
Out as 17. 

“In the same way, in the second example also, as- 
suming the optional number to be 5, the lesser and 
greater roots are found to be (5, 10). 


“Thus, by virtue of (the infinite variety of) the 
optional values as well as of (the infinitely repeated 
application of) the Principle of Additive and Subtractive 
Compositions, an infinite number of roots (may be 
found)."1 


Solution in Positive Integers. As has been stated 
before, the aim of the Hindus was to obtain solutions 
of the Square-nature in positive integers; so its first 
solution must be integral. But neither the tentative 
method of Brahmagupta nor that of Sripati is of 
much help in this direction, for they do not always 
yield the desired result. "These authors, however, dis- 
covered that if the interpolator of the auxiliary equation 
in the tentative method be + 1, + 2 0r + 4, an integral 
solution of the equation Nx?-+ 1 = y? can always be 
found. Thus Sripati (1039) expressly observes, “If 1, 
2 Ot 4 be the additive or subtractive (of the auxiliary 
equation) the lesser and greater roots will be integral 
(abbinna).? 

(2 If & = + 1; then the auxiliary equation will be? 

Na? + I = 82, 


l'The original is, “Evamistavaéat samásántarabhávanábhyár 
ca padánámánantyam." (BBi, p. 36). 

? "Dvyekámbudhiksepavis$odhanábhyám 

_ Syatamabhinne laghuvrddhamiile.”—SiSe, xiv. 32. 
The Sanskrit word abbinna literally means “non-fractional.” 
i 3 The special treatment of the equation Nx? — 1 =»? is given 
ater on. 
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where a, B are integers. Then by Brahmagupta’s Corol- 
lary, we get 
x = 206, y = p? + No? 
as the required first solation i in positive integers of the 
equation Nx? + 1 — y? 
() Let k = + 2; then the auxiliary equation is 
No? + 2 = p. 
By Brahmagupta’s Corollary, we have 
N(2a8)? + 4 = (B? + Nat), 


or N(aB)? + I SS ssa + Ney. 


Hence the required first alien is 
x = aß, y= (BP + Na). 
Since No? = 6? = 2, 
we have 1(8?-- Na?) = 8? F 1 = a whole number. 
(4) Now suppose & = + 4; so that 
No? + 4 = p°. 
With an auxiliary equation like this the first integral 
` solution of the equation Nx? + 1 — y? is 


x = laf, 
me y= (P — 2); 
if ais even; or 
x = gef? — 1), 
J = 38GB? — 3); 


if B is odd. 
Thus Brahmagupta says: 


“In the case of 4 as additive the square of the second 
root diminished by 3, then halved and multiplied - by 
the second root will be the (required) second root ; 
The square of the second root diminished by unity and 
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then divided by .2 and multiplied by the first root will 
be the (required) first root (for the additive unity).”4 


The rationale of this solution is as follows: 
Since Na? + 4 = p?, oo G9) 


we have N(£)'+ = (E (2) 


Then, by Brahmagupta’s Corollary, we get 
7 ap 42 p2 NE 
N(— =(—-+ N—). 
(C ae Sa Corea Ua 
. Substituting the value of N in the right-hand side ex- 
pression from (1), we have 


a 2 2 TE 2 
N(&.) + =(= 2. (3) 
Composing (2) and (3), 
N[5(o = Jr 1 -[£ce -= 3)} 
Hence x= aß, y= Mp? — 2); 


and x = ja(f? — 1), y= &8(f? — 3); 
ate solutions of 


2 
. 


Nx? + 1 = 9%, 
If B be even, the first values of (x, y) are integral. 
If 6 be odd, the second values are integral. 
(iv) Finally, suppose & = — 4; the auxiliary equa- 
tion is 
No? — 4 = B? 
Then the required first solution in positive integers of 
Nx? + 1 =y? ts 
x = aB(B? + 5)(B? + 1), 
J = (BP + 2)G( + 3)(B + 1) — 1}. 


1 BrSpSi, xviii. 67. 
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Brahmagupta says : 

“In the case of 4 as subtractive, the square of the 
second is increased by three and by unity; half the 
product of these sums and that as diminished by unity 
(are obtained). The latter multiplied by the first sum 
less unity is the (required) second root; the former 
multiplied by the product of the (old) roots will be 
the first toot corresponding to the (new) second toot." 


The rationale of this solution is as follows : 
Na? — 4 = B. (1) 
ad 842 
N(—) — I -(l) . 
Hence by Brahmagupta’s Corollary, we get 
2 9? gà \2 
n( 28 a(n 
tee) 
| = (M(* + 2))* (2) 
Again, applying the Corollary, we have 
N(4aB(B? + 2))? + 1 = {EPt + 48? + 2)}% (3) 
Now, by the Lemma, we obtain from (2) and (3) 
' N(bab(92 + 3? 4-1)? + 1 
= [(B*4- 2)(3(0? + 3)(9? + 1) — 1)]*. 
Hence x = $a8(8? + 3Y(8? + 1), 
J = (B? + 2) {408 + 3Y(9? + 3) — 1), 
is a solution of Nx? + 1 =). 

It can be proved easily that these values of x, y 
are integral. For, if B is even, 8?-J-2 is also even. 
Therefore, the above values of x, y are integral. If on 
the contrary f is odd, B? is also odd; then f? + 1 and 


Bp? + 3 are even. Hence in this case also the above 
values ate integral. 


1 BrSpSi, xviii. 68. 
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Putting p= of, 4— B?-- 2 we can write the 
above solution in the form 


x= M — 1), 
y= M — 3), 
in which it was found by Euler. 


, 


17. CYCLIC METHOD 


Cyclic Method. It has been just shown that 
the most fundamental step in Brahmagupta's method 
for the general solution in positive integers of the 
equation 

Nx? + 1 — y 
where N is a non-squate integer, is to form an auxiliary 
equation of the kind 

Na + k = b, 


where a, P are positive integers and & = + 1,+ 2 or 
+4. For, from that auxiliary equation, by the Principle 
of Composition, applied repeatedly whenever necessary, 
one can derive, as shown above, one positive integral 
solution of the original Square-nature. And thence, 
again by means of the same principle, an infinite number 
of other solutions in integers can be obtained. How to 
form an auxiliary equation of this type was a problem 
which could not be solved completely and satisfactorily 
by Brahmagupta. Jn fact, he could not do it otherwise 
than by trial. But Bhaskara JJ succeeded in evolving a 
very simple and elegant method by means of which 
one can derive an auxiliary equation having the required 
interpolator + 1, + 2 or + 4, simultaneously with its 
two integral roots, from another auxiliary equation 
empirically formed with any simple integral value of the 
interpolator, positive or negative. This method is called 


II 
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by the technical name Cakravåla or the “Cyclic Method." 
The purpose of the Cyclic Method has been defincd 
by Bháskara II thus: “By this method, there will 
appear two integral roots corresponding to an equation 
with + 1, + 2 0r +.4 as interpolator."? 
Bháskara's Lemma. The Cyclic Method of Bhás- 
kara I] is based upon the following Lemma : 
If Na? + k= P, 
us a, b, & ate integers, & being positive or negative, 
then 
am- bs? me N bm + Nas? 
Neer ce ce 
where z is an arbitrary whole number. 
The rationale of this Lemma is simple: We have 
Na? + & = B, 
and N.1? 4- (ji — N) = m®*, identically. 
Then by Brahmagupta’s Lemma, we get 
N(am +- b)? + k(n? — IN) = (bm + Nay. 
amb, wr—N bm + Na? 
Ng) ge ae 
Bháskara's Rule. Bhaskara 11 (1150) says : 
“Considering the lesser root, greater root and inter- 
polator (of a Square-nature) as the dividend, addend 
and divisor (respectively of a pulveriser), the (indeter- 
minate) multiplier of it should be so taken as will make 
the residue of the prakrti diminished by the square of 
that multiplier or the latter minus the prakrti (as the case 


1 The Sanskrit word Ca&rará/a means "circle," especially 
"horizon." "The method is so called, observes Süryadása, because 
it proceeds as in a circle, the same set of operations being applied 
again and again in a continuous round. 

? BBs, p. 38. - ' 
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may be) the least. That residue divided by the (original) 
interpolator is the interpolator (of a new Square- 
nature); it should be reversed in sign in case of sub- 
traction from the prakrti. The quotient corresponding 
to that value of the multiplier is the (new) lesser root ; 
thence the greater root. The same process should be 
followed repeatedly putting aside (cach time)the previous 
roots and the interpolator. This process is called 
Cakravála (or the ‘Cyclic Method")! By this method, 
there will appear two integral roots corresponding to 
an equation with + 1, + 2 or + 4 as interpolator. In 
order to derive integral roots corresponding to an 
equation with the additive unity from those of the 
equation with the interpolator + 2 or + 4 the Principle 
of Composition (should be applied)? 


Suppose we have an equation of the form 
Ne + k = b, (1) 
where a, b, & are simple integers, relatively prime, & 
being positive or negative. Then by Bhâskara’s Lemma 


2 2 2 
KTA 4% LA (Ey (2) 
where # is an arbitrary integral number. In the above 
rule, m has been styled the indeterminate multiplier. 
Now, by means of the pulveriser, its value is determined 
so that 

am + b 


Z is a whole number. 


1 The original text is cakravdlamidam jaguh. The commentator 
Krsna explains, “âcâryâ etadganitarn cakraválamiti jaguh” or “The 
learned professors call this method of calculation the Cakravdla.” 
So Bháskara II appears to have taken the Cyclic Method from 
earlier writers. But it is not found in any work anterior to 
him so far known. 

2 BBi, pp. 36ff. 
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Again, of the various such values, Bháskara II chooses 
that one which will make |w? — N| as small as possible. 
Let that value of z; be n. Now let 


n--b 
a- tih 
bn + Na 
A E 
2— N 
k=. 


The numbers @,, bp & are all integral. The equation 
(2) then becomes 


Na? + k, = B. (3) 
Proceeding exactly in the same way, we can obtain 

from (3) a new equation of the same kind, 

Na? + ky = bp”, 
where again 4$, ba œ ate whole numbers. By 
repeating the process, we shall ultimately arrive at an 
equation, states Bháskara II, in which the interpolator & 
will reach the value + 1, - 2 or + 4, and in which (a, b) 
will be integers. 


Náráyana's Rule. The above rule of Bháskara II 
has been reproduced by Narayana (1350). He writes: 


“Making the lesser root, greater root and inter- 
polator (of a Square-nature) the dividend, addend and 
divisor (respectively of a pulveriser), the (indeterminate) 
multiplier of it should be determined in the way des- 
ctibed before. The prak&rti being subtracted from the 
square of that or the square of the multiplier being 
subtracted from the pra&rzz, the remainder divided by the 
(original) interpolator is the interpolator (of a new 
Square-nature); and it will be reversed in sign in case 
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of subtraction of the square of the multiplier. The 
quotient (corresponding to that value of the multiplier) 
is the lesser root (of the new Square-nature); and that 
multiplied by the multiplier and diminished by the 
product of the previous lesser root and (new) inter- 
polator will be its greater root. By doing so repeatedly 
will be obtained two integral roots corresponding to the 
interpolator + 1,+ 2 or +4. In order to derive 
integral roots for the additive unity from those answer- 
ing to the interpolator + 2 or + 4, the Principle of 
Composition (should be adopted)."! 


It will be noticed that Náráyana does not expressly 
state that the value of the indeterminate multiplier ^ 
should be so chosen as will make |#% — N| least. It is 
perhaps particularly noteworthy that he recognised the 
relation 

b, = aq — kya. 
bn -+ Na 
& E 
"(a4& — an) + Na 
eese y [- 


For bh = 


ak — an + b] 


Similarly, it will be found that 
b PE but I Nay 
l 1 

For byn = ayn® — kyan, 


1 NBi, I, R. 79-82. 


Pune Mathematical Physics 


166 ALGEBRA 


= a, (N F kk) — Ryan, 
E kk, = n? ga N] 
= a, N + Ab, [ ak = an+ b] 
pn NG 
1 

Illustrative Examples. In illustration of the 
Cyclic Method, Bháskara II works out in detail the fol- 
lowing examples : 

“What is that number whose square multiplied by 
67 or 61 and then added by unity becomes capable of 
yielding a square-root? Tell me, O friend, if you have 
a thorough knowledge of the method of the Square- 
nature." 

That is to say, we are to solve 

) 67?-F1rie», 
(ii) 61x? + 1 =). 

Leaving out the details of the operations in con- 
nection with the process of the pulveriser, Bhaskara’s 
solutions are substantially as follows : 

(2) 67x? + 1 = y*. 

We take thc auxiliary equation 

67.12 — 3 = 8%. 
Then, by the Lemma, 


67( 2 alas E Reni (2) 


By the method of the Kutfaka the solution of 
m+8 
— 3 


= an integer, 


1 BB, p. 38. 

It is remarkable that the equation 61x? + 1 — 5? was proposed 
by Fermat to Frénicle in a letter of Februaty, 1657. Euler solved it 
in 1732. 
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is 7 —.— 34-1. Putting t= — 2, we get 9 —7 
which makes |*— 67] least. On substituting this 
value, the equation (1) reduces to 


67.5? + 6 = 41?. 
Again, by the Lemma, we have 
sa + 414? , 52 — 67 414 + 673.54? 
agar doe uoo o A 


The solution of 
54" + 41 
6 
is n= 6t+ 5. |72 — 67| will be least for the value 
t= o, that is, when #= 5. The equation (2) then 
becomes 


— a whole numbet, 


67.112 — 7 = 90%, 
Now, we form 
11b + 90 ae gop + 67.114? 
oum BHO (METS o 
The solution of "A 
11 + 90 
—7 
is p=— 7+ 2. Taking /— — 1, we have p= 9; 
and this value makes | p? — 67 | least. Substituting that 
in (3) we get 


= an integral. number, 


67.27? — 2 = 2212, ; 
By the Principle of Composition of Equals, we get 
from this equation 
67 (2.27.221)? + 4 = (221? + 67.277), 
or 67(11954)* + 4 = (97684)?. 
Dividing out by 4, we have 
67 (5967)? + 1 = (48842)*. 
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. Hence x = 5967, y = 48842 is a solution of (Z). 
(zz) 61x? + 1 = x’, 
Here we start with the auxiliary equation 
61.12 + 3 = 82, 
By the Lemma, we have 
2 2 2 
e(t =r (7a (1) 

Now the solution of 


H --8 


= an integer, 


is m= 3t-+ 1. Putting ¢ = 2, we get the value w= 7 
which makes | m?— 61] least. On substituting this 
value in (1), it becomes 
61.52 — 4 = 39%. 
Dividing out by 4, we get 
6r(8)? — 1 = (y. (2) 
By the Principle of Composition of Equals, we have 
61(2.3. PF + 1 = (CO? + 61 (8)? p? 
Of 61(188)? + 1 = (15232, (3) 
Combining (2) and (3), 
61(3805)? — 1 = (29718). 
Composing this with itsclf, we get 
61(226153980)? + 1 = (1766319049)*. 
Hence x = 226153980, y = 1766319049 is a solution 
of (ii). 
The following two examples have been cited by 
Narayana : ; 
(i) 103x? -+ 1 = y?, 
G) gre 1 —y. 
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Their solutions ate given substantially as follows : 
For (Z7) we have the auxiliary equation 
103,127 — 3 = 10%, 
By the Lemma, we get 
10 (7— io 4 m I03 . (las i 
3 3 2 
The general solution of 
m+ 10 
TIO 
is z—-— 3 2. Putting / = — 3, we get ⁄ = 11. 
Then i 


= an integer, 


103.72 — 6 = 712. 
Again, by the S 
jo (72 7 ny i aaa E E EX nit 103. za 


6 
The solution of 
DID — a whole number, 
is n = — 64+ 1. Taking / — — 1, we get 


103.20? + 9 = 203%, 
Next, we have 


20p + 2034? d 103 — ,203P + 103.204? 
pq I 
Now, Hop 203 — an integral number 


for p = 9f+ 2. When ¢ = 1, p= 11. On taking this 


value we find 
103.47? + 2 = 477°. 
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Applying the Principle of Composition of Equals, 
we get 


103(2.47-477)® + 4 = (477? + 103.477), 
ot 103(44838)? + 4 = (455056). 
Hence 103(22419)? + 1 = (227528), 
which gives x = 22419, y = 227528 as a solution of (zz). 
For the solution of (iv) the auxiliary equation is 
97.1? + 3 = 10% 


Therefore 
m+ io? , &?— 97 10m” + 974? 
Hm T e erus 
The solution of 
zte = an integer, 


is w = 3¢-+ 2. Taking /- 3, we have w = 11. Then 
97:77 + 8 = 69? 
Next, we have ; 


2 2 2 
s; (I pena 2 (a) 


The solution of 
7^ + 69 
8 
is 4 = 8t-+ 5. Taking ¢ = 1, that is, n — 15, we get 
97.20? + 9 = 197°. 


— an integer, 


Whence 
20p + 1974? , p? — 97 197P + 97.20? 
97( op 97) SES died: (19 9 ). 
9 9 9 
The solution of 


20p + + 197 


==a whole number, 


Pune Mathematical Physics 


CYCLIC METHOD 171 


is p=of+ 5. Putting 7 = 1, we get p= 14. With 
this value of p we have 


97.53? + 11 = 5222. 


Whence 
539 + 5224? | q*— 97. {5224+ 97-53 V* 
s (IE 4 91. (rne oras 
'The solution of 
33g t $28 = an integer, 


is g = 1174- 8. The appropriate value of 4 is given 
by ż= o. So, taking q = 8, we have 
97.86? — 3 = 847°. 
Next, we find 
Bore M r— 97 (847r 97.86? 
9; CET) 4 97 — (Ser 97 BOY! 


i E = 
The solution r 
= a whole number, 
isr=3¢+ 1. Putting / — — 3, we get r = 10. Tak- 


ing this value, we have 
97.569? — 1 = 5604. 
By the Principle of Composition of Equals, we find 
97(6377352)* + 1 = (62809633). 
Hence x = 6377352, y = 62809633 is a solution of (iw). 
Proofs. It has been stated by Bhaskara II that: 


(1) when 4, is an integer; £, and 7, are each a 
whole number ; 

(2) his Cyclic Method will in every case lead to 
the desired result. 

He has not adduced proofs. We presume that he 
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knew a ptoof at least of the first proposition. For 
he must have recognised the simple relation 


bi = ayn — kya, 
which has been expressly stated by Náráyaga (1350). 
This shows at once that 4, will be a whole number, 
if &, is so. This is also evident from the equation, 
Na? + k = £j?, itself. Hence, it now remains to prove 
that A, is an integral number. 


Eliminating b between 


n--b 
a, —* io 
and A 2 ue 
we have & (ayn — Ej) = av? — N), 
or a (an — bh) — 2 — N. 
Therefore s (an — b) is an integer. 


Since & and « have no common factor, a must 
divide an — £, ; that is 
2 m T 
an — b LH IN 
a & 
Hence 4, also is a whole number.! 


= &, = an integer. 


1 Hankel’s Proof: Wankel proves these two results thus : 


Since ak — at -- b and k=? — Na’, 
we get a(b — Na) = an + b, 
or z (a, b — 1) = (a + Naa). 


Since a, b have no common factor, a must divide a,b — 1; that is, 


ab — 1 : 
a = an integer. 
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18. SOLUTION OF Nx? + ¢ =)? 


The general solution of the indeterminate quadratic 

equation ; 
Nx -+ c = J? . 

in positive integers was first given by Brahmagupta (628). 

He says : 

"From two roots (of a Square-nature) with any 
given addittve or subtractive, by making (combination) 
with the roots for the additive unity, other first and 
second roots (of the equation having) the given additive 
or subtractive (can be found)."! 


Eliminating 5 between : 
ak =an+ b, bk = bn + Na, 


we get ab — ab, — 1. 
Hence b, = arint a whole number. 
— b)2— Nv 
Now 3# —- N= aicha 
_ 42 k? — zbka 4- k 
a a 
_ $? k — zba + 1) 
= a : 
Therefore 2 (a,2k — 2ba, + 1) is a whole number. 


Since a, & have no common factor, it follows that 
ak —2ba,4+1 m—N 


= k, = an integer. 


a k 
2 2k — ; 
Also ate t Tan 
_ a(b — Na) — zba t 1 


a 

(48-1 3 E a 

z = ( 7 ) Na,3. 
1 BrSpSi, xviii, 66. 
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Thus having known a single solution in positive 
integers of the equation Nx? + ¢ = 5?, says Brahma- 
gupta, an infinite number oi other integral solutions 
can be obtained by making use of the integral solutions 
of Nx? + 1 — y?. If (5, 4) be a solution of the former 
equation found empirically and if (a, 8) be an integral 
solution of the latter then, by the Principle of Com- 
position, 

x= pB-+ qa, y= 98 + Npa 
will be a solution of the former. Repeating the opera- 
tions we can easily deduce as many soiutions as we like. 


This method reappears in later Hindu algebras. 
Bháskara II says : 


“In (a Squate-nature) with the additive. or sub- 
tractive greater (than unity), one should find two roots 
by his own intelligence only ; then by their composition 
with the roots obtained for the additive unity an infinite 
number of roots (will be found)."1 

Náráyana writes similarly : 

"When the additive or subtractive is greater than 
unity, two roots should be determined by one's own 
intelligence. Then, by combining them with the roots 
for the additive unity, an infinite number of roots can be 
obtained."? 


We take the following illustrative examples with 
solutions from Náráyana : 


Example. ‘Tell me that square which being multi- 
plied by 13 and then increased or diminished by 17 
or 8 becomes capable of yielding a square root.’ 


1 BBs, p. 42. .* NB; I, R. 86. 
3 NB;, I, Ex. 44. 
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That is, solve 
OMIEEEL 
(2) 13x 4- & = y?. 

Solution. “In the first example it is stated that the 
multiplier = 13 and interpclator = 17. 

“Now the ‘roots for the interpolator 3 are (1, 4). 
And for the interpolator 51, the roots are (1, 8). For 
the composition of these with the previous roots (1, 4). 
the statemc at will be 

m-13 [=I £—8 i= 51 
[e £4 153 
So, by the Addition Lemma, we get the roots corres- 
ponani to the interpolator 153 as (12,45). The rule 
says, ‘If the interpolator (of a Square-nature) be divided 
by the square of an optional number etc? Now take 
the optional number to be 5, so that the interpolator 
may be reduced to 17. For 3?— 9 and 153/9 = 17. 
Therefore, dividing the roots just obtained by the 
optional number 3, we get the required roots (4, 15). 

“Applying the Subtraction Lemma and proceeding 
similarly we get the roots for the interpolator 17 as 
(4/3, 19/3). 

“In the second example the statement is : multiplier 
= 13, interpolator = — 17. Proceeding as before we 
get (by the Addition Lemma) the roots (147, 530); and 
(by the Subtraction Lemma), the roots (3, 10)."! 


Form Mn?x? + c = y?. Brahmagupta says: 
“If the multiplier is that divided by a square, the 
first root is that divided by its root.”? 


! Our MS. does not contain the solution of the equations 
13x?-E 8 =, 
* BrSpSi, xviii. 70. 
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That is to say, suppose the equation to be 
Mix? + ¢ = 3", (1) 
so that the multiplier (/.¢., coefficient of x?) is divisible 
by #7. Putting ax = 4, we get 
Mi? + 6 = y. (2) 
Then clearly the first root of (1) is equal to the first root 


of (2) divided by ». The corresponding second root 
will be the same for both the equations. 


The same tule is taught by Bháskara IP and 
Narayana. The latter says : 


“Divide the multiplier (of a Square-nature) by an 
arbitrary squate numbet so that there is left no 
remainder. Take the quotient as the multiplier (of 
another Square-nature). The lesser root (of the teduced 
equation) divided by the square-root of the divisor will 
be the lesser root (of the original equation)."? 

Form a?x?-- c= y?. For the solution of a 
Square-nature of this particular form, Brahmagupta gives 
the following rule : 

"If the multiplier be a square, the interpolator 
divided by an optional number and then increased and 
decreased by it, is halved. The former (of these results) 
is the second root ; and the other divided by the square- 
root of the multiplier is the first root.""? 


'Thus, it 1s stated that i 
Iie 
gem 
y — AGE 4 5), 


uu 


1 BBs, p. 42. 2 NB, I, R. 84. 
3 BrSpSi, xviii. 69. 
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where z is an arbitrary number, is a solution of the 
equation 
ax? 4. ¢ = y. 

The same solution has been given by Bháskara II 
and Náráyana.! Bháskara's rule runs as follows : 

“The interpolator divided by an optional number is 
set down at two places ; the quotient is diminished (at 
one place) and increased (at the other) by that optional 
number and then halved. The former is again divided 
by the square-root of the multiplier. (The quotients) 
ate respectively the lesser and greater roots.’ 

The rationale of the above solution has been given 


by the commentators Sáryadása and Krsna substantially 
as follows : 


ru = y= — ax? 
= (y — ax + ax). 
Assume  y— ax = m, m being an arbitrary rational 
number. Then 
zer a 
J + ax = oy 


Whence by the rule of concurrence, we get 
ee Ee 
v ah m m) : 
€ 
y= d Eli y). 


Fotm c— Nx? = Though the equation of 
the form c — Nx? = y? He not been considered by any 
Hindu algebraist as eec of special treatment, 
it occurs incidentally in examples. For instance, 
Bháskara II has proposed the following problem : 


1 NB; I, R. 85. 3 BBs, p. 42. 
12 
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“What is that square which being multiplied by — 5 
becomes, together with 21, a square? Tell me, if you 
know, the method (o£ solving the Square-nature) when 
the multiplier is negative."! 


Thus it is required to solve 


— 5x? + 21 = 7%, (1) 
Narayana has a similar example, z/s.,? 
— yix? + 60 = 7% (2) 


Two obvious solutions of (1) are (1, 4) and (2, 1). 
Composing them with the roots of 


ENS 5x? -+- I = 7", 
says Bháskara II, an infinite number of roots of (1) 
can be derived. : 
, Form Nx? — k? = y?. Bhiaskara II observes: 


“When unity is the subtractive the solution of the 
problem is impossible unless the multiplier is the sum 
of two squates."3 


Narayana writes : 
“In the case of unity as the subtractive, the multi- 


plier must be the sum of two squares. Otherwise, 
the solution is impossible."4 


Thus it has been said that a tational solution of 
Nx? — 1 = 7", 
and consequently of 
Nx? — k? = y? 
is not possible unless N is the sum of two squares. 
1 BBi, p. 43. 2 NBi, I, Ex. 43. 


3 *Rüpas$uddhau khiloddistarn vargayogo guno na cet"—BBi, 


P- 4o. 
4 NBi, I, R. 83. 
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For, if x = p/q, y= rj]s bea possible solution of 
the equation, we have 


N(p/q)? — & = (7/5), 

or N = (aris + (q&]py". 

Bhaskara II then goes on: 

“In case (the solution is) not impossible when unity 
is the subtractive, divide unity by the roots of the two 
squares and set down (the quotients) at two places. 
They are two lesser roots. Then find the correspond- 


ing greater roots at the two places. Or, when unity is 
the subtractive, the roots should be found as before." 


Thus, according to Bháskara IT, two rational solu- 
tions of 


Nx? — 1 = 7°, 
where N = m + n?, will be 
I I 
x= — x= 
n n 
oap Om 
dir Ue. 


So two rational solutions of 
~ (+ gx? = 9, 


will be 
& La 
= —— xX = — 
nm n 
| An |" _ km 
0H EN 


The following illustrative example of Bhaskara 
II! is also reproduced by Narayana :? 
13x? — 1 = 9", 


1 BBs, p. 41. ? NBi, I, Ex. 38. 
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The former solves it substantially in the following 
ways : 
(1) Since 13 = 2? + 3? two rational solutions ate 
(1/2, 3/2) and (1/5, 2/3). 
(2) An obvious solution of 
13x? — 4 = y? 
is x = 1, y= 3. Then dividing out by 4, as shown 
before, we get a solution of the equation 13x? — 1 = jy? 
as (1/2, 3/2). 
(3) Again, since an obvious solution of 
13x? — 9 = y 
is x = I, y= 2, we get, on dividing out by 9, a solution 
of our equation as (1/5, 2/3). 


(4) From these fractional roots, we may derive 
integral roots by the Cyclic Method. Since 


13(9* — 1 — GY, 
we have, by Bhaskara’s Lemma, z being an indeterminate 
multiplier, 


j (PB y NN deka E (2225 Bey, 
— I 
i (3) RE - ms By. 


ot 

The suitable value of z which will make (z4-5)/2 an 

integer and |w? — 13| minimum is 3. So that we have 
13.53? + 4 — 11%, 

From this again we get the relation 


13 QM m. L T 13 — (aa) 


A 
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3 
The appropriate value of the indeterminate multiplier in 
this case is # = 3. Substituting this value, we have 


13.52 — 1 = 182. 


Hence an integral solution of our equation 15x? — 1 = J? 
is (5, 18). 

“In all cases like this an infinite number of roots 
can be derived by composition with the roots for the 
additive unity." 

Narayana states the methods (2) and (3) only. 


19. GENERAL INDETERMINATE EQUATIONS OF THE 
: SECOND DEGREE: SINGLE EQUATIONS 


The earliest mention of the solution of the general 
indeterminate equation of the second degree is found 
in the Baganita of Bháskara II (1150). But there are 
good grounds to believe that he was not its first dis- 
coverer, for he is found to have taken from certain 
ancient authors a few illustrative examples the solutions 
of which presuppose a knowledge of the solution of such 
equations.? Neither those illustrations nor a treatment 
of equations of those types occurs in the algebra of 
Brahmagupta or in any other extant work anterior to 
Bháskara II. 

Bhiaskara II distinguishes two kinds of indeterminate 
equations: Sakrt samikarana (Single Equations) and 
Asakrt samikarana (Multiple Equations).? 

Solution. For the solution of the general indeter- 


minate equation of the second degree, Bháskara II 
(1150) lays down the following rule: 


1.Tha sarvatra padánám  rüpaksepapadábhyár bhávanayá'- 


nantyam" —BBi, p. 41. 


2 Vide infra, pp. 267f. - 3 BBi, pp. 106, 110. 
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“When the square, etc., of the unknown are present 
(in an equation), after the equi-clearance has been made, 
(find) the square-root of one side by the method des- 
cribed before for it, and the root of the other side by 
the method of the Square-nature. Then (apply) the 
method of (simple) equations to these roots. 1f (the 
other side) does not become a case for the Square-nature, 
then, putting it equal to the square of another unknown, 
the other side and so the value of the other (7.e., the new) 
unknown should be obtained in the same way as in the 
Square-nature ; and similarly the value of the first un- 
known. ‘The intelligent should devise various artifices 
so that it may become a matter for (the application of) 
the Square-nature."1 


He has futther elucidated the rule thus : 


“When, after the clearance of the two sides has been 
made, there remain the square, etc., of the unknown, 
then, by multiplying the two sides with a suitable number 
and by the help of other necessaty operations as des- 
ctibed before, the square-root of one side should be 
extracted. If there be present on the other side the 
square of the unknown with an absolute term, then the 
two roots of that side should be found by the method 
of the Square-nature. There the number associated with 
the square of the unknown is the prakrti (‘multiplier’), 
and the absolute number is to be considered as the 
interpolator. What is obtained as the lesser root in this 
way will be the value of the unknown associated with the 
multiplier (prakriz) ; the greater root is (again) the root 
of that square (formed on the first side). Hence making 
an equation of this with the square-root of the first 
side, the value of the unknown on the first side should 
be determined. 


- 


1 BBi, p. 99. 
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“But if there be present on the second side the 
square of the unknown together with (the first power 
of) the unknown, or only the (simple) unknown with 
or without an absolute number, then it is not a case for 
the Square-nature. How then is the root to be found 
in that case? So it has been said: ‘If (the other side) 
does not become a case for the Square-nature etc.’ 
Then, putting it equal to the square of another unknown, 
the square-root of one side should be found in the way 
indicated before, and the two roots of the other side 
should then be determined by the method of the Square- 
nature. There again the lesser root is the value of the 
unknown associated with the prakrti and the greater root 
is equal to the square-root of that side of the equation. 
Forming proper equations with the roots, the values 
of the unknowns should be determined. 

“Tf, however, even after the second side has been 
so treated, it does not turn out to be a case for the 
Square-nature, then the intelligent (mathematicians) 
should devise by their own sagacity all such artifices 
as wil make it a case for the method of the Square- 
nature and then determine the values of the un- 
knowns.” : 

Having thus indicated in a general way the broad 
outlines of his metiiod for the solution of the 
general indeterminate equation of the second degree, 
Bhaskara II discusses the different types of equations 
severally, explaining the rules in every case in greater 
detail with the help of illustrative examples. 


( Solution of ax? + bx + e = »? 
For the general solution of the quadratic indeter- 
minate equation 
ex? + bx +o = y*, (1) 


1 BBj, p. 100. 


Pune Mathematical Physics 


184 ALGEBRA 


Bháskara II gives the following particular rule: 

“On taking the square-root of one side, if there be 
on the second side only the square of the unknown 
together with an absolute number, in such cases, the 
greater and lesser roots should be determined by the 
method of the Square-nature. Of these two, the greater 
root is to be put equal to the square-root of the first 
side mentioned before, and thence the value of the 
first unknown should be determined. The lesser will 
be the value of the unknown associated with the prakrti. 
In this way, the method of the Square-nature should be 
applied to this case by the intelligent." 

As an illustration of this rule Bháskara II works out 
in detail the following example; 

“What number being doubled and added to six 
times its square, becomes capable of yielding a square- 
root? O ye algebraist, tell it quickly"? 

Solution. “Here let the number be x. Doubled 
and together with six times its square, it becomes 
Gx?-- 2x. This is a square. On forming an equation 
‘with the squate of y, the statement is 

6x? + 2x + oy? = ox? + ox + 5*. 
On making equi-clearance in this the two sides are 
6x? + zx and 5*. 

“Then multiplying these two sides by 6 and 
superadding 1, the root of the first side, as described 
before, is 6x + 1. 

“Now on the second side of the equation remains 
6y? + 1. By the method of the Square-nature, its roots 
are: the lesser 2 and the greater 5, or the lesser 20 and 
the greater 49. Edquating the greater root with the 
square-root of the first side, vig., 6x + 1, the value of 


1 BBi, pp. 100-1. 2 BBi, p. ror. 
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x is found to be 2/3 or 8. The lesser root, 2 ot 20, 
is the value of y, the unknown associated with the 
prakrti, In this way, by virtue of (the multiplicity of) 
the lesser and greater roots, many solutions can be 
obtained." 


In other words the method described above is this : 

Completing the square on the left-hand side of the 
equation ax? + bx + ¢ = y?, we have 

(ax + $b)? = ay? + 3? — 4ac). 
Putting x =ax + $b, k = 3(b* — 4ac), we get 
a}? + k= R. (1.1) 

If y = /, z = m be found empirically to be a solution of 
this equation, another solution of it will be 


ydq + mp, 
z = mq + alp, 


where ap? + 1 = q?. Hence a solution of (1) is 
b I 
fs eet ai T z V tap, 
J = l4 + mp. 


Now suppose x =r, when y=; that is, let 
m — ar. b[z. Substituting in the above expressions, 
we get the required solution of (1) as 


I 
E dy 


J= 4 (apr + Mop); 
where ap? + 1 = q? and ar? + br 4- e — P. 


Thus having known owe solution of ax? + bx +-¢ 
= J*, an infinite number of other solutions can be 


1 BE;, p. 101. 
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easily obtained by the method of Bháskara II. The 
method is, indeed, a very simple and elegant one. It 
has been adopted by later Hindu algebraists. As the 
relevant portion of the algebra of Narayana (1350) 
is now lost, we cannot reproduce his description of the 
method. Jfidnaraja (1503) says: 

““(Find) the square-root of the first side according to ' 
the method described before and, by the method of the 
Square-nature, the roots of the other side, where the 
coefficient of the square of the unknown is considered 
to be the pra&rti and the interpolator is an absolute 
term. Then the greater root will be equal -to the 
previous square-root and the other (7.e., the lesser root) 
to the unknown associated with the prakrti.” 

The above solution (1.2), but with the upper sign 
only, was rediscovered in 1733 by Eluer! His method 
is indirect and cumbrous. Lagrange’s (1767) method 
begins in the same way as that of Bhaskara II. by 
completing the square on the left-hand side of the 
equation.? 

(ii) Solution of ax? + bx + c = a Hby + e 

Bhâskara II has treated the more general type of 
quadratic indeterminate equations : 


ax? + bx + e o ay? + y s. (2) 
His rule in this connection runs as follows : 


“If there be the square of the unknown together 
with the (simple) unknown and an absolute number, put- 
ting it equal to the square of another unknown its root 
(should be investigated). Then on the other side (find) 


1 Leonard Euler, Opera Mathematica, vol. I], 1915, pp. 6-17; 
Compare also pp. 576-611. 

* Additions to Evements of Algebra by Leonard Euler, translated 
into English by John Hewlett, sth edition, London, 1840, pp. 


537ff. 
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the roots by the method of the Square-nature, as has 
been stated before. Put the lesser root! equal to the 
root of the first side and the greater root equal to that 
of the second."? 


He further elucidates the rule thus : 


*In this case, on taking the square-root of the first 
side, there remain on the other side the square of the 
unknown and the (simple) unknown with or without 
an absolute number. In that case forming an equation 
of the second side with the square of another unknown, 
the roots (should be found). Of these (roots just 
determined), making the lesser equal to the root of the 
first side (of the given equation) and the greater to 
the root of the second side, the values of the unknowns 
should be determined.” 


Example. “Say what is the number of terms of a 
series (in A. P.) whose first term is 3, the common differ- 
ence is 2 ; but whose sum multiplied by 3 is equal to the 
sum of a different number of terms.’ 


Solution. “Here the statements of the series: are: 
first term = 3, common difference = 2, number of 
"terms = x; first term = 3, common difference = 2, 
number of terms = y. The two sums are (respectively) 
x? + 2x, y?-+ 2y. Making three times the first equal 
to the second, the statement for clearance is 


3x? 4 6x = 7? + 23. 


After the clearance, multiplying the two sides (of the 
equation) by 3 and superadding 9, the square-root 
of the first side is 3x + 3. On the second side of the 


1 The meaning of the terms ‘lesser root’, ‘greater root’, etc., 
as used here, will be clear from the illustration and the general 
solution given below. 

? BBi, p. 104. 3 BBs, p. 104. 
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equation stands 3? + 6y + 9. Forming an equation of 
this with v?, and similarly multiplying the sides by 3 
and superadding — 18, the root of it is 3y-+ 3. Then 
` the roots of the other side, 372 — 18, by the method of 
the Square-nature are the lesser = 9 and greater = r5, 
or the lesser = 13 and greater = 57. Equating the lesser 
root with the square-root of the first side, namely, 
3X + 5, and the greater root with the square-root of 
the second side, namely, 3y + 5, the values of x, y are 
found to be (2, 4) of (10, 18). So in every case.” 

In general, on completing the square on the left- 
hand side, equation (2) becomes 


(ax +. M = aay? + ably + ae! + QUI ao). 
Put | ax -+ $b = 2%, (2.1) 


and then complete -the square on the right-hand side. 
Thus the given equation is finally reduced to 


ad’? — p = 2, (2.2) 
where w = ady + 4ab’,, (2.3) 
and B = a?a'c' + (4b — ac) aa’ — (4ab’)*. 


Now, if v = /, w = m bea solution of the equation 
(2.2), another solution will be 


z= Iq + mp, 
w = mq aad, 
where z'ap?-| 1 = q?. Substituting in (2.1) and (2.3), 
we get . 
b 
x = — b Hg + mp), 
b’ I (2 ^ 4) 
J = zy + gy UM agp 
Now, let / = ar + 4b and m = aa’s + bab’. Substi- 
tuting in the above expressions, we get the required 
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x = ECL + pab’ — P) + qr + pa's, 


(2.5) 
J = uy d pat — V) + qs & par; 
where aa'p? + 1 — q?, 
and art br M e ats s e. 


The form (2.5) shows that having found empirically 
one solution of ax? + bx + ¢ = a^y? + b’y + c" Bháskara 
could find an infinite number of other solutions of it. 

Jňânarâja (1503) says: 


“If on the other side be present the square as well 
as the linear power of the unknown together with an 
absolute term, put it equal to the square of another 
unknown and then determine the lesser and greater 
roots. The lesser root will be equal to the first square- 
root and the greater to the second square-root.” 


He gives with solution the following illustrative 

example : 
5(x?* + 4x) = 7? + 4), 

or Gx + ©)? = 39? + 12y + 36. 

Putting 3% + 6 = v, where g is the “first square- 
rcot” of Jfüánarája, we get 

K ET p 39, 

or 3&3 = (3y + 6)? + 72. 

Now put 3y + 6 =», where » is the “second 
square-root.” Then 


343 — 72 = 2, ! 
Therefore, by the method of the Square-nature, 
g = 18, w = 30. Whence x = 4, y = 8, is a solution. 
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Bháskara II followed several devices for the solution 
of the equation \ 


ax? + by? + e gt ~ (3) 
In every case his object was to transform the equation 
into the form of the Square-nature. He says: 


“In such cases, where squares of two unknowns 
with (or without) an absolute number are present, 
supposing either of them optionally as the prakrti, 
the rest (of the terms) should be considered as 
the interpolator. Then the roots should be investi- . 
gated in the way described before. If there be more 
irr de than one (the process will be especially help- 
ul). 

He then explains further : 


“Where on finding the square root of the first side, 
there remain on the other side squares of two unknowns 
with or without an absolute number, there consider the 
square of one of the unknowns as the prakrti; the 
remainder will then be the interpolator. Then by the 
rule: ‘An optionally chosen number is taken as the 
lesser root, etc.,'? the unknown in the interpolator 
multiplied by one, etc., and added with one, etc., 
or not, according to one's own sagacity, should be 
assumed for the lesser toot ; then determine the greater 
root."3 

There are thus indicated two artifices for solving 
the equation (3). They are: 


(2) Set x = my; so that equation (3) transforms into 


1 BBi, pp. 105f. 

?'The reference is to the rule for solving the Square-nature 
(ride supra p. 144) (BBi, p. 33). 

3 BBi, p. 106. 
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= (am? + b) re 
— aj? + e, 
where a = am? + b. Hence the required solution of 
ax? + by? + ¢ = g? is 
x = my = mra + P5, 
J—rq dps 
z=s4 +err; 
where s? = ar? + c and 4? = ap? 4- 1 
(Z) Set x = my + n; then the equation reduces to 
z= ay? + 2amny + Y 
where a = a7? + b and y = an + c. 
Completing the square on the ngbthand side of 
this, we get 
ag? — p = »?, 
where w= ay + amn and B= ya— a?g?g? = a(bn® 
-H em?) + be. 
If y=s5, w=r be a solution of this equation, 
another solution will be 


X= s4 + rp, 

y = rq + usp; 
where 4? = ap? + 1. Hence the solution of ax? + dy? 
+ ¢ = 2" is 

x= Z (ra + asp F amn) + n, 

y= T (rg + asp + ain), 

X= Ib 


where g?= ap? + 1, r? = as? — D, a = am? 4 b el 


B = abut + cm) 4+ be. - 
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In working certain problems, Bháskara II is found 
to have occasionally followed other artifices also for 
the solution of the equation (3). For instance: 


(i Set w? = by? +c. Then equation (3) becomes 
g? — we = ax? 


Whence = (4 +)x, 
and w = (2-a); 


where z is an arbitrary number. ‘Therefore 


EET, 
^ 4 — m? 
= (2 + mr 
og — p 
Now, if y = J, w =r be a solution of 
a? = by? +s, 
another solution of it will be 
I= lq + pr, 
w = rq + bip; 


where ap? + I— 4*. Therefore, the solution of (3) 
will be 


m 
x= eE bip), 


PLE EA 
2 
z = EE (rg E bip); 


where ap? + 1 = g and bP 4+ c — re. 
(v) Suppose c — o; then the equation to be solved 
will be 


1 See BBi, p. 108. * BBi, p. 106. 
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In this case set x = wy, & = vy; so that z, v will be 
given by 
au? + b =v, 
which can be solved by the method of the Square- 
nature. Some of these devices were followed also by 


later Hindu algebraists, for instance, Jfanaraja (1503) 
and Kamalákara (1658).1 


Example from Kamalákara :? 
Pe + 8j — 22 
This is one of a double equation by Bháskara II.? 
To solve ax? + by? + ¢ = «2, Kamalákara observes: 


“in this case, suppose the coefficient of the square 
of the first unknown as the prakrti and the coefficient 
of the square of the other unknown together with the 
absolute number as the interpolator to that. The two 
roots can thus be determined in several ways."* 

And again : 

"(Suppose) the coefficient of the square of one of 
the unknowns as the Pra&rZi and the rest comprising two 
terms, the square of an unknown and an absolute. 
number, as the interpolator, Then assume the value 
of the lesser root to be equal to the other unknown 
together with an absolute term."'5 

He seems to have indicated also a slightly different 
method : 


“Or assume the value of the lesser root to be equal 
to another unknown plus or minus an absolute number 


1 STV, xiii. 260-1. ` 2 SiTVi, xiii. 258. 
3 BBi, p. 106. 4 SiTVi, xiii. 264. 
5 S7T V3, xiii. 267 f. 

13 
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and similarly also the value of the greater root. The 
remaining operations should be performed by the intel- 
ligent in the way described by Bháskara in his algebra." 


That is to say, assume 
x= mw +a, Z= nw f. 


Substituting in the equation ax? -+ bj* + c — 23, 

we get 
(am? — np? - 2w (ama F n) + by? 
+ (e + aa? — 8?) — o. 
Putting à = am? — n?, y = ama F np, v = c + aa? — p, 
this equation can be reduced to 
— aby? + (u3— va) = s, 

where # = Aw + p. 


Kamalákara gives also some other methods which 
are applicable only in particular cases. 


Case i. Suppose that b and c are of different 
signs.? Two sub-cases arise: 


(1) Form ax? + by? — c = 2%, 
First find #, v, says Kamalakara, such that 
au? — ¢ = y, 


Assuming x — vy + 4, 
we have 
ax? + by? — c = —vy2+4 2 \ [fat by? 
+ (aut — c) 
= P (aut —¢)y?+ ANJA uy + by? + v8 
1 SITVi, xiii. 265. 2 SITVi, xiii. 285-7. 
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- yp a m l5 
[4 J [4 


= (N/Z uy 4- vy. 


Hence z = VZ uy + v. 


The following illustrative example and its solution 
are given :1 
5x? + 165? — 20 = ẹ?. 
Its solution is 
x= gy +4, 
Y= My 
where 54? — 20 =v, An obvious solution of this 
equation is given by 4 = 3, v= 5. Hence, we get a 
solution of the given equation as 
x= 2y + 3, 
R= Ot 5. i 
Therefore — (x, y) = (5, 1), (7, 2), (9, 3), -....-- 
(2) Form ax? — b + e = g? 
In this case first solve 
au? +. ¢ = v2, 
Then the required solution is 


LE 
x = wor 


ab, , 
z= NIE wr. 


Example from Kamalakara :? 
5x? — 20)? + 16 = 2%. 


1 SiT Vi, xiii. 279. 2 SiTVi, xiii. 279. 
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Then 
xc Wy ta, 
z= bay +; 
where 54°? + 16 =»’*, One solution of this equation 
‘is #’ == 2, »’ = 6. The corresponding solution of the 
given equation is 
x = 3y +2, 
: z= 5y +6. 

Therefore (x,y) = (5, 1), (8, 2), (11, 3), etc. 

Case ij. Let the two terms of the interpolator be of 
the same sign and positive. 

Example from Kamalákara:! 

yx? By + 23 = A 
Assume arbitrarily a value of x or y and then find the 
other by the method of the Square-nature.? 
(v) Solution of ax? + by? + e = 2x? 

Let the coefficient of x? (or y?) be a square number. 

The equation is of the form 
ax? 4 by? + t= "e 

For this case Bhaskara II observes : 

“If the prakrti is a square, then obtain the roots by 
the rule: “The interpolator divided by an optional 
number is set down at two places, etc.’ 8 

Thus, according to Bháskara I, the solution of the 
above equation is 
ns (2 te 


Aim ) — A, 
2a Hi 


1SiT Vs, xiii. 296. 2 SUT Vi, xiii, 298. 
3 BB, p. 106. 
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by? 
:— (24 +e +m); 
where 7 is an arbitrary number. 


Kamalákara divides equations of this form into two 
classes according as ¢ is or is not a square.! 


(1) Lete be a square (= 2?, say). That is to say, we 
have to solve 


ax? 4 by? + d? = 22, 
The solution of this particular case, says Kama- 
lakara, is given by 


For, with this ioi we have 
2 by + d2 
e= SE + byt + 
2 E (by? + 2d2)2, 
Hence. z = A +d. 


(2) When c is not a square, Kamalákara first finds a, B 
such that 

a? -+ ¢ = p?. 
He next obtains z such that the value of 

aba — blz 

q*. aja 
is also 7 ; and then says that 
a 
x= ny? + E 


. 1 Vide his gloss on SiTVi, xiii. 275. 
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whence will follow the value of g. 


Since ue moo 
aa 
we get n= NE 
2a(f — a) 
so that Dun. c ites dum 


za(B — a) ay a 
Therefore 2? = ax? + by? -+ c 
py 


UA 
aam" p S PLA TA 
SEE Br Bh? 2 
æ- G—2 
(5 2 
- um 
Hence demde: diu -+ B. 


Example from ME 
4x? + 487? + 20 = à. 
Since 4? + 20 = 6?, and the solution of 
12% — 24 
8 


is # = 6, we get the required solution of the given 
equation as 


=n 


x == 6y? + 2, 
ga 1a? + 6. 


It may be noted that the solution stated by Kamalá- 
kara follows casily from that of Bháskara IJ, on putting 
therein 7-:p-— a, where | a? -4- ¢= Bp, 
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In particular, if we put ¢ = o and a = 1, Bháskara's 
solution reduces to 


“= Tex — m), 
i b 
z= 57 +m); 
where z is arbitrary. 


If b = af, taking # = 2Bp?, we easily arrive at 


x = ag? BS p??, 
J = 214, 
gm ag’ + Bp", 


where P, q are arbitrary integers, as the solution in posi- 
tive integers of z? — x?-L- by. This solution was 
given by A. Desboves (1879).! 


Taking 4-—2v?, we can derive Matsunago's 
(e. 1735) solution of g? = x? + by?, viz., 
x = by? — v9 
J) = 2w, 
g bp? v5 
where y, v are arbitrary integers. 
(v) Solution of ax? + bxy + cy? = 2 
For the solution of the equation 
Bháskara II lays down the following rule : 


“When there are squares of two unknowns together 
with their product, having extracted the square-root 
of one part, it should be put equal to half the difference 
of the remaining part divided by an optional number 


1 Dickson, Numbers, Il, p: 405. 
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and the optional number." 
It has been again elucidated thus: 


“Where there exists also the product of the un- 
knowns (in addition to their squares), by the rule, ‘when 
there are squares etc., the square-root of as much 
portion of it as affords a root, should be extracted. "The 
remaining portion, divided by an optional number and 
then diminished by that optional number and halved, 
should be put equal to that square-root.”? 


The above rule, in fact, contemplates a particular 
case of equation (5) in which a or cis a square number. 


(4) Suppose a = p?. The equation to be solved is then 
pr? + j^ + of =R. (5-1) 
h2 
Therefore ( px T 2) + »(« — 5) Ex 
Putting px + z = w, we get 
2 p2 = y2 ( c— Lu 
X J 4p? ^ 
Whence x—w=h, 
S i EE c 
IR ; V apa 
where A is an arbitrary rational number. So 
EPA p 
„as Stated in the rule. oe 
rí(y 
mJ zi («— 2) 2 ij- 3. ? 
LY. Mikami, The Development of Mathematics in China and 


Japan, Leipzig, 1913, p. 231. 
2 BBi, p. 106. 
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2 p? 
and z= HE ui]. 


Now, if we suppose y = z[n, where w, n are 
arbitrary c we get the solution of (5.1) as 


— x {m (acp? — £?) — 41?p?s? — 4Mbmn), 


J—— 


n 
z= aram | Ur? (acp? — 2?) + Mp?) 


Since the given equation is homogeneous, any multiple 
of these values of x, y, x will also be its solution. There- 
fore, multiplying by 81°, we get the following 
solution of the equation ??x? + bxy + cy? = 7? in in- 
tegers : 


y = 8amnp*, 

y = m? (acp? — b?) + 42p2n?, 
where m, n, are arbitrary integers. 

In particular, putting ¢a=b=c=1, and 1 — p 

= 1 in (5.2), we get 

x = 3m? — qn (n + m) 

y= 8mn, 

Z= 30 am, 
as the solution of the equation 

x2 xy Hy = age. 

Dividing out by 87, the above solution can be put into 
the form 


x = n? (4cp? — B) — 4Mp?g? — qaban, 
(5-2) 
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Jr M; 
I 
Kc 3,; 07 + 495; 


as has been stated by Narayana: 


“An arbitrary number is the first. Its square less 
by its (square's) one-fourth, is divided by an optional 
number and then diminished by the latter and also by the 
first. Half the remainder is the second number. The 
sum of their squares together with their product is a 
square." 

It is noteworthy that in practice Náráyana approves 
of only integral solutioris of his equation, For instance, 
he says: 

** “Any arbitrary number.is the first Suppose it to 
be 12, Then with the optional number unity, are 
obtained the numbers (12, 95/2). For integral values, 
they are doubled (24, 95). ith the optional number 
2, are obtained (12, 20). It being possible, these are 
reduced by the common factor 4 to (3, 5). In this way, 
owing to the varieties of tbe optional number, an infi- 
nite number of solutions can be obtained. "? 


(4) If neither a nor ¢ be a square, the solution can 
be obtained thus : 


Multiplying both sides of the equation (5) by a and 
then completing a square on the left-hand side, the 
equation transforms into 


(ax + My + (ae — HPY? = ax. 
Putting ax + jby = wand p = 1(7? — 4ac), 
we get 5? = qx? + By, (5.3) 


1GK, i. 55. 
2 See the example in illustration of the same. 
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The method of the solution of an equation of this form, 
according to Bháskara II, has been described before. 


Assume w = vy, q = ay; so that the values of x, v 
will be given by 


7? = ag? + p. (5.4) 


If u= m, v — n be a solution of (5.4), another 
solution will be 


u = mq + pn, 
v = nq + amp; 
where ap? + 1 = 4?. Therefore, a solution of (5) is 


x = 2 (a(1g + amp) — b}, 


z =q + pr); 
where ap? + 1 = &? and e»? + p = r. 


Put 7 — ar + 4b and y =; then we have 


x = Lr lear + b) + 2amp — b}, 
$ 

dogm 

z= Sp {2m4 + p (zar + D). 


Multiplying by 2aż, we get the following solution 
of ax? + bxy + cy? = sg? in integers : ` 
x = 5{ q (zar 4- D) + 2amp — b}, 
Jo 245, 
g = as(zmq + p(zar + b)}; 
where ap? + 1 = g* and w? = ar? + br 4- c. 
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20. RATIONAL TRIANGLES 


Rational Right Triangles: Early Solutions. The 


earliest Hindu solutions of the equation 

x p ro (2) 
are found in the Sw#/ba. Baudháyana (v. 800 B.C.), 
Apastamba and Kátyáyana (v. 500 B.C.)! give a method 
for the transformation of a rectangle into a square, 
which is the equivalent of the algebraical identity 


A — na? m — ny? 
wn = (&— ) — (——) I 
2 y 


where zz n are any two arbitrary numbers. Thus we get 
— m — ns? m- nx? 
Ve al (aera 


Substituting p?, q? for m, n respectively, in order to 
eliminate the irrational quantities, we get 


2 72.2 2 2.2 
peo (RE) -(RE), 


which gives a rational solution of (1). 


ed finding a square equal to the sum of a number 
of other squares of the same size, Kâtyâyana gives a 
very elegant and simple method which furnishes us with 
another solution of the rational right triangle. Katya- 
yana says: 

"As many squares (of equal size) as you wish to 
combine into one, the transverse line will be (equal to) 
one less than that ; twice a side will be (equal to) one 
more than that ; (thus) form (an isosceles) triangle. Its 
arrow (Ze, altitude) will do that.’’? 


1Bj/i 58; ApS, ii. 7; K$/ iik 2. For details of the cons- 


truction see Datta, Su/ba, pp. 83f, 178f. 
2 KSI, vi. 5 ; Compare also its Parifista, verses 40-1. 
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Thus for combining 7 squares of sides a each, we form the 


isosceles triangle ABC, such that AB=AC=(#+ 1)a/2, 


A 


: Fig. 2 
and BC = (u—1)e Then AD? = na*. This gives the 


formula 
AVR eI) e(t). 


Putting 7? for n in order to make the sides of the right- 
angled triangle free from the radical, we have 


aes — 142 m+. x 
va (zy e (Eja 
which gives a rational cius of (x). 


Tacit assumption of the following further general- 
isation is met with in certain constructions described by 
Apastamba :1 

If the sides of a rational right triangle be increased 
by any rational multiple of them, the resulting i will 
be a right triangle. 

In particular, he notes 
32 45 = 3t, 
G+ 3.5? + 4+ 4.3)? — Go 5.3. 
(3+ 3-4)? + (4+ 4.4)? = (5 + 525 


1455], v. 5, 4. Also compare Datta, Saba, pp. 65í 
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$5? + 122 = 13%, 
(5 + 5-2)?+ (12 + 12.2)? = (15 + 13.2)% 


Apastamba also derives from a known right-angled 
triangle several others by changing the unit of measure 
of its sides and vice versa.t In other words, he recognised 
the principle that if (a, B, y) be a rational solution of 
x? +. y? = x°, then other rational solutions of it will be 
given by (/a, /B, ZY), where / is any rational number. 
This is clearly in evidence in the formula of Kátyáyana in 
which a is any quantity. It is now known that all rational 
solutions of x?-- y? =}? can be obtained without 
duplication in this way. 


Later Rational Solutions. Brahmagupta (628) says: 


“The square of the optional (5/7) side is divided 
and then diminished by an optional number; half the 
result is the upright, and that increased by the optional 
number gives the hypotenuse of a rectangle." 


In other words, if 7, n be any two rational numbers, 
then the sides of a right triangle will be 


m (2 ~ n), Te +a). 


The Sanskrit word /s/¢ can be interpreted as imply- 
ing "given" as well as “optional”. With the former 
meaning the rule will state how to find rational right 
triangles having a given leg. Such is, in fact, the inter- 
pretation which has been given to a similar rule of 
Bháskara IT.3 


1 Datta, Saba, p. 179. 2 BrSpSi, xii. 35. : 

3 Vide infra p. 211; H. T. Colebrooke, Algebra with Arith- 
metic and Mensuration from the Sanscrit of Brahmegupta and Bhascara, 
London, 1817, (referred to hereafter as, Colebrooke, Hinds 
Algebra), p. 61 footnote. 
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A similar rule is given by Sripati (1039): 

*Any optional number is the side; the square of 
that divided and then diminished by an optional 
number and halved is the upright; that added with the 
previous divisor is the hypotenuse of a right-angled 
triangle. For,so it has been explained by the learned in 
the matter of the rules of geometry."! . 


Karavindasvami a commentator of the Apastamba 
Sulba, finds the solution 


9m + 25 m+ an-+ 2 
ws Cae 2)". ( 25 d- 2 )m, 
by generalising a rule of the Sw/ba.? 

Integral Solutions. Brahmagupta was the first to 
give. a solution of the equation x? + y? = s? in integers. 
It is 


m — n°, 2mn, m* + nÈ, 
m, n being any two unequal integers.? 

Mahavira (850) says : 

“The difference of the squares (of two elements) 
is the upright, twice their product is the base and the 
sum of their squares is the diagonal of a generated 
rectangle.’’4 
He has re-stated it thus : 


“The product of the sum and difference of the 
elements is the upright. The saskramana® of their 
squares gives the base and the diagonal. In the opera- 
tion of generating (geometrical figures), this is the 
process."'e 


1 $7fe, xiii. 41. 

2 4557, 1.2 (Corr.); also see Datta, Swba, pp. 14-16. 

3 BrSpSi, xii. 33 ; vide infra, p. 222. 4 GSS, vii. 90). 
5 For the definition of this term see pp. 43f. 

$ GSS, vii. 939. 
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Bháskara II (1150) writes: 

^""Twice the product of two optional numbers is 
the upright ; the difference of their squares is the side ; 
and the sum of their squares is the hypotenuse. (Each 
of these quantities is) rational (and integral)."! 


It has been stated before that the early Hindus 
recognised that fresh rational right triangles can be 
derived from a known one by multiplying or dividing its 
sides by any rational number. The same principle has 
been used by Mahavira and Bháskara II in their treat- 
ment of the solution of rational triangles and quadri- 
laterals.  Gane$a (1545) expressly states: 


“If the upright, base and hypotenuse of a rational 
right-angled triangle be multiplied by any arbitrary 
rational number, there will be produced another right- 
angled triangle with rational sides.” 


Hence the most general solution of x? + 9% = x? 
in integers is 
(m? — n?y, 2mnl, (m? + nA 
where zz, n, / are integral numbers. 


Mahávira's Definitions. A triangle or a quadri- 
lateral whose sides, altitudes and other dimensions can 
be expressed in terms of rational numbers is called 
janya (meaning generated, formed or that which is 
generated or formed) by Mahávira? Numbers which 


LL, p. 36. 

? GSS, introductory line to vii. 903. The section of Mahávira's 
work devoted to the treatment of rational triangles and quadri- 
laterals bears the sub-title fanya-vyavahéra ( janya operation) and it 
begins as “Hereafter we shall give out the janya operations in cal- 
culations relating to measurement of areas." Mahavira’s treatment 
of the subject has been explained fully by Bibhutibhusan Datta in a 
paper entitled: “On Mahavira’s solution of rational triangles and 
rmadrilaterals," BCMS, XX, 1928-9, pp. 267-294. 
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are employed in forming a particular figure arc called its 
bija-samkhyd (element-numbers) or simply bia (element 
or seed). For instance, Mahavira has said: “Forming 
O friend! the generated figure from the bfa 2, 5,"! 
"forming another from half the base of the figure 
(rectangle) from the bia 2, 3,” etc. Thus, according 
to Mahavira, “forming a rectangle from the bija m, n” 
means taking a rectangle with the upright, base and 
diagonal as m? — z?, 2mn, m? j- n? respectively. It is 
noteworthy that Mahávira's mode of expression in this 
respect very closely resembles that of Diophantus who 
also says, “Forming now a right-angled triangle from 
7, 4, meaning “taking a right-angled triangle with 
sides 7? — 4?, 2.7.4, 7? + 4? or 33, 56, 65.’ It should 
also be noted that Mahavira never speaks of “‘right- 
angled triangle." What Diophantus called “forming a 
right-angled triangle from m, »," Mahavira calls “form- 
ing a longish quadrilateral or rectangle from w, n.” 


Right Triangles having a Given Side. In the 

Sulba we find an attempt to find rational right triangles 
having a given side, that is, rational solutions of 

xt gt = x, 

In particular, we find mention of two such right 
triangles having a common side a, viz., (a, 3a/4, 54/4) 
and (a, sa@/1z, 13@/12).4 The principle underlying 
"these solutions will be easily detected to be that of 
the reduction of the sides of any rational right 
triangle in the ratio of the given side to its corresponding 


1“Bije dve trini sakhe ksetre janye tu sathsthapya”.—GSS, vii. 


924. 

2“He dvitribijakasya ksetrabhujardhena cányamutthápya"— 
GSS, vii. 1114. 

3 Arithmetica, Book III, 19 ; T. L, Heath, Diophantas of Alexan- 
dria, p. 167. ' 

í Datta, Juba, p. 180. 


14 
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side. This principle of finding rational right triangles 
having a given side has been followed explicitly by 
Mahavira (850).! 

It has been stated before that one rule of Brahma- 
gupta? can be interpreted as giving rational solutions of 
x? + a? = x? as 


2 (S — 2) (Rn), 


where z is any rational number. In fact, he has used this 
solution in finding rational isosceles triangles having a 
given altitude.? "This solution has been expressly stated 
by Mahavira (850). He says: 


“The satikramana between any optional divisor of 
the square of the given upright or the base and the 
(respective) quotient gives the diagonal and the base 
(or upright)."4 


He has restated the solution thus : 


“The satikramana between any (rational) divisor 
of the upright and the quotient gives the elements; | 
or any (rational) divisor of half the side and the SCENE 
are the elements."'5 l 


The right triangles formed according to the first kalf 
of this rule are :$ 


a, Cx cds rp). 


1 Vide infra, p. 213 ? Vide supra, p. 206. 
3 Vide infra, p. 223 4 GSS, vii. 974. 
5 GSS, vii. 954. 


8 The “elements” ida are (alp + P), 3(a/p — p), where P is 
an optional number. 
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and those according to the second half are :1 


—— — g? a P, 2 
4d q^. As "m J 

Bháskara II gives two solutions one of which is 
the same as that of Brahmagupta. He says: 


“The side is given: from that multiplied by twice 
an optional number and divided by the square of that 
optional number minus unity, is obtained the upright ; 
this again multiplied by the optional number and 
diminished by the given side becomes the hypotenuse. 
This triangle is a right-angled triangle. 


“Or the side is given: its square divided by an 
optional number is put down at two places ; the optional 
number is subtracted (at one place) and added (at 
another) and then halved ; these results are the upright 
and the hypotenuse. Similarly from the given upright 
can be obtained the side and the hypotenuse."? 


That is to say, the two solutions are 


2 2 
a a 
and a (— —n), a(—-+2). 


Bbháskara II illustrates this by finding four right 
triangles having a side equal to 12, S (12, 35, 37) 6 
16, 20), (12, 9, 15) and (12, 5, 13)3 

The rationale of the first solution has been given by 
Süryadása. (1538) thus: Starting with the rational right 
triangle 5? — 1, 27, 5? -- 1, he observes that if x, y, x 


1 The “elements” here are 4, 4/24, where 4 is an optional 


number. 
? L, p. 34 ? L, pp. 34f. 
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be the corresponding sides of another right triangle, 
then 


LA CONT 
HÜ-—1 an mt & (say) 
Hence x= k(n — 1), y= 2nk, x = k(n? + 1). 
Therefore x + z = 2Èn? = ny. 
If now we have x = a, then 
a 
m m — Iı 
2na 
Hence J= por 
2na 
and Z = ny — a = "(3—1)-^ 


'The second rule has been demonstrated by Sürya- 
dasa, Gaņeśa and Ranganátha thus : 


Since x? + g? = v*, 
we have a? = g? — x? = (x? — x) Tx) 


Assume g — x = n, where n is any rational num- 
ber ; then 


a? 


ca Ses 


g=i(L+n), x=4(“— n). 


Generalising the method of the Apastamba Sulba 
the commentators obtained the solution! . 


2 unen a (EL E + m- 2 


25 + 2 2H + 2 


1 Datta, Su/ba, p. 16. 
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Right Triangles having a Given Hypotenuse. 
For finding all rational right triangles having a given 
hypotenuse (2), that is, for rational solutions of 

l x2 + y? = e 
Mahavira gives three rules. The first rule is : 

“The square-root of half the sum and difference of 
the diagonal and the square of an optional number are 
they (the elements),’” 

In other words, the required solution will be obtain- 


ed from the “elements” (c + p*)/2 and (c — p*)/z, 
where 5 is any rational number. Hence the solution is 


p.v, e 
'The second rule is : 


“Or the square-root of the difference of the squares 
of the diagonal and of an optional number, and that 
optional number are the upright and the base."? 


That is, the solution is . 
p ve zx P » € 
These solutions are defective in the sense that 
vc? — pt or vc? — p? might not be rational unless 


P is suitably chosen. Mahavira’s third rule is of greater 
importance. He says: 


“Each of the various figures (rectangles) that can 
be formed from the elements ate put down; by its 
diagonal is divided the given diagonal. The perpendi- 
cular, base and the diagonal (of this figure) multiplied 
by this quotient (give rise to the corresponding sides 
of the figure having the given hypotenuse).’’ 


1 GSS, vii. 954. 2 GSS, vii. 974. 
3 GSS, vii. 1224. 
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Thus having obtained the general solution of the 
rational right triangle, vig., m? — n?, 2mm, m?--m, 
Mahavira reduces it in the ratio c/(s? +n), so that 
all rational right triangles having a given Hy porene 
c will be given by 

m — n? 2n 
(5 ^ (ET 2)^ d 

By way of illustration Mahávira finds four rec- 
tangles (39, 52), (25, 60), (33, 56) and (16, 63) having 
the same diagonal 65. 

This method was later on rediscovered in Europe 
by Leonardo Fibonacci of Pisa (1202) and Vieta. It has 
been pointed out before that the origin of the method 
can be traced to the Sulba. 

Bháskara II (1150) says: 

“From the given hypotenuse multiplied by an 
optional number and doubled and then divided by the 
square of the optional number added to unity, is obtained 
the upright ; this is again multiplied by the optional 
number ; the difference between that (product) and the 
given hypotenuse is the side. 

“Or divide twice the hypotenuse by the square of 
an optional number added to unity. The hypotenuse 
minus the quotient is the upright and the quotient 
multiplied by the optional number is the side.’ 


Thus, according to the above, the sides of a right- 
angled triangle whose hypotenuse is ¢ are: 


— 6, 63 


2c ( 2c ) 
mai mrt 
ae 27€ n2 
mg?-.g mtr 
1 GSS, vii. 125-1244. 2 L, pp. 35, 36. 
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By way of illustration Bháskara II finds two 
right triangles (51, 68) and (40, 75) having the same 
hypotenuse 85.1 

Süryadása demonstrates the above substantially 
thus : 

If (x, y, x) be the sides of the right triangle, we 
have 


m*—1 amo prety 
where z is any rational integer. Then 


x = E(mt— 1), y= zmk,g = &(m?- 1). 


Therefore x -+ Z = 2km? = My. 
Since z is given to be equal to c, we have ` 
"ET. 
T H?- 1 
270€ 
Hence P indir er 
and x= my— x= mM oP) TA 


Problems Involving Areas and Sides. Mahavira 
proposes to find rational rectangles (or squares) in which 
the area will be numerically (samkhyayd) equal to any 
multiple or submultiple of a side, diagonal or perimeter, 
or of any linear combination of two or more of them. 
Expressed symbolically, the problem is to solve 


x? yh = g’, } (1): 
ARE I Duces Ds 

m,n, p, r being any rational numbers (r 4 o). For the 

solution of this problem he gives the following rule : 


1 L, pp. 55f. . 
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"Divide the sides (or their sum) of any generated 
squate or other figure as multiplied by their respective 
given multiples by the area of that figure taken into its 
given multiple. The sides of that figure multiplied by 
this quotient will be the sides of the (required) square 
or other figure?! 


That is to say, starting with any rational solution of 


x*pytox (2) 
we shall have to calculate the value of 
mx! + ny’ + pr’ = Q, say. (3) 


Then the required solution of (1) will be obtained by 
reducing the values of x’, y’, x’ in the ratio of O/rx’y’. 


Thus 
x = x'Q|rx’y’ = QI’, 
J= J Qjrxy = Qr", (4) 
xx Qjxy. 

Mahávira gives several illustrative examples some 
of which are very interesting: 

“In a rectangle the area is (numerically) equal to the 
perimeter ; in another rectangle the area is (numerically) 
equal to the diagonal. What are the sides (in each 
of these cases) ?"? 


Algebraically, we shall have to solve 


x24 2 — s 
120058 Gn 
and 3 
x? y:— 22, 
MEN } (1.2) 


Starting with the solution s2 — #2, 2st, $2 + 7? of (2) 
and putting z = n —2, P —0o, r= x in (4), we get 


1 GSS, vii. 1123. 2 GSS, vii. 1153. 
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the solution of (1.1) as 

2(52 — £?) + 4st 2(52 — 12) + ast 

257 d s? — 72 7 
2(s* — 21 + 4st), 9. g 
| 2st (52 — £’) je Ty 

And putting #7 = n = o, p = r = 1, in (4), we have 

the solution of (1.2) as 
S4 BH (HPE 
2st ^" 348 — f? ast(s® — EY 

Bháskara II solves a problem similar to the second 
one above: 

Find a right triangle whose area equals the hypote- 
nuse.1 

He starts with the rational right triangle (5x, 4%, 
sx); then by the condition, area = hypotenuse, finds 
the value x — 5/6. So that a right triangle of the 
required type is (5/2, 10/3, 25/6). ` He then observes : 
"[n like manner, by virtue of various assumptions, 
other right triangles can also be found."? "The general 
solution in this case is 

ELHEL 2(52-- 272) (5? + 2 


s ? EP?’ Me iy 


Another example of Mahávira runs as follows : 

"(Find) a rectangle of which twice the diagonal, 
thrice the base, four times the upright and twice the 
perimeter are together equal to the area (numerically)? 

Problems Involving Sides but not Areas. Maha- 
vira also obtained right triangles whose sides multiplied 


1 BBi, p. 56. 


? "Evamistavasádanye'pi"—BBi, p. 56. 
3 GSS, vii. 1174. 
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by arbitrary rational numbers have a given sum. 
Algebraically, the problems require the solution of 
x? + — z, : 
rx + sy tig=A; 
where r, 5,7, 4A ate known rational numbers. His 
method of solution is the same as that described above. 
Starting with the general solution of 
x2 +y? = g’? 
we are asked to calculate the value 
rx’ + sy + tg = P, say. 
Then, says Mahavira, the required solution is 
x —xAJP, y—y AP, x — xv AJP. 
One illustrative problem given by Mahavira is : 
“The perimeter of a rectangle is unity. Tell me 
quickly, after calculating, what are its base and upright.” 
Starting with the rectangle m? — n°, 2mn, m? + nè, 
we have in this case P = 2(m®— n? -+ amm). Hence 
all rectangles having the same perimeter unity will be 
given by 
m? — n? mn 
2(m? — n? 4 amu) m? — n? + amm 
m, n being any rational numbers. 
The isoperimetric right triangles will be given by 
m—n np m? +- n? . 
( 2 )?. myr e + 51^ i 
where p is the given perimeter. 
Another example is : 
"(Find) a rectangle in which twice the diagonal, 
thrice the base, four times the upright and the perimeter 
together equal unity."? 


1 GSS, vii. 1183." 2 GSS, vii. 1194. 
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Pairs of Rectangles. Mahavira found *'pairs of 
rectangles such that : 


(i) their perimeters are equal but the area of one 
is double that of the other, or 


(i) their areas are equal but the perimeter of one 
is double that of the other, or 


(Z7) the perimeter of one is double that of the 
. other and the area of the latter is double 
that of the fotmer." 


These are particular cases of the following general 
problem contemplated in his rule : 


To find (x, y) and (4, v) representing the base 
and upright respectively of two rectangles which are 
related, such that 


zx +y) = 2n(4 + >} (A) 
(Op qus 
where m, n, p, q ate known integers. 
His rule for the solution of this general problem is : 


“Divide the greater multiples of the area and the 
perimeter by the (respective) smaller ones. The square 
of the product of these ratios multiplied by an optional 
number is the upright of one rectangle. That diminished 
by unity will be its base, when the areas are equal. Other- 
wise, multiply the bigger ratio of the areas by that 
optional number and subtract unity ; three times the 
upright diminished by this (difference) will be the base. 
The upright and base of the other rectangle should be 
Obtained from its area and perimeter (thus determined) 
with the help of the rule, ‘From the square of half the 
perimeter, etc., described before." 


1 GSS, vii. 1314-133. The reference in the concluding line is 
to rule vii. 1294. i 
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In other words, to solve (A), assume 

y = s((ratio of perimeters)(ratio of areas))?, (1) 
and x — y — 1, i£ p — q, 2 
or x= 3[y— {s (ratio of areas) — 1}], if P z 4, (2^) 
where s is an arbitrary number, and the ratios are to be 
so presented as always to remain greater than or equal 
to unity. 

Let m>n, qp. Then we shall have to 
assume 


pL 
J = A 
n 
P 2,2 (3) 
mg q , 
x = (m AERE cpu 
Substituting these vous d in ts we get 
= q 
atv=—(4s — 35th , 
a (4 d p 3) (4) 
E mq? 
= sap (ae nip Ea). 
'Then 
p pg? s s 
0 — 0) = (4 — E) Tes —4)}. 
Now, if the arbitrary multiplier s be Rd such that 
Ó a. (5) 
P 
we have 
2 
u— o= ge BG P (6 


np 
From (4) and (6) we get 


EH UC. IDEE 
iniu, Rr T (7) 
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Substituting the value of s from (5) in (3) and (7) 
we have finally the solution of (A), when » > n, 


q > pas 


UM iut 
J = yup ELT a 
— (4 T4 ED (404 ) 
aay eS a 


Mahavira has observed that “when the areas are 
equal" we are to assume! 


mr 
oe ae ? 

5? 
secar eS 


1Bibhutibhusan Datta has shown that this restriction is 
not necessary. In fact, starting with the assumption 


pg? 
JES ape 

mu mz, 42b 
woos =< Ff 

np 


and proceeding in the same way as above, he has obtained another 
solution of (4) in the form 


=, 79 jum 
J x4 "mp > — n > 1) 
xmi lu n= P (PE LLL) 
AEE com og age c V 
Datta finds two general solutions of (A), viz. 
rmi +t 
I> mp , 
= rng? rm tq + 2 
GUN ÈP P , (III) 
etg 
v= " A 
zt rmt? rm _ rą ; 
ime: 729777 ++)( np? TERN 
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Isosceles Triangles with Integral sides. Brahma- 
gupta says : 

“The sum of the squares of two unéqual numbers is 
the side ; their product multiplied by two is the altitude, 


and twice the difference of the squares of those two un- 
equal numbers is the base of an isosceles triangle." 


Mahávira gives the following rule for obtaining 
an isosceles triangle from a single generated rectangle: 


*In the isosceles triangle (required), the two dia- 
gonals (of a generated rectangle?) are the two sides, twice 
its side is the base, the upright is the altitude, and the 
area (of the generated rectangle) is the area"? 


Thus if z, n be two integers such that z + a, the 
sides of all rational isosceles triangles with integral sides 
are: 


(D m+n, sw, iu es 25 


[o QD) m?-a, m 4+ nè, gran. 


and 
__ rng? m (rg 
= “paps ^ a ts 
- ag? qv) 
Se. guten Lu 
i mb» \ ip d np \ tnp? 


where m > 7,42 p and r, fare any two integers. 


See Datta, “On Mahávira's solution of rational triangles and 
quadrilaterals,” BCMS, XX, 1928-9, pp. 267-294; particularly 
P. 285. 

1 BrSpSi, xii. 33. 

ZA rectangle generated from the numbers w and» has its 
sides equal to m? — 5? and 2/5 and its diagonal equal to m? -} n2. 
Cf. pp. 208-9. 

3 GSS, vii. 1084. 
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The altitude of the former is 277 and of the latter 
m? — n? and the area in either case is the same, that 
is, azn(m? — n). 

Juxtaposition of Right Triangles. It will be 
noticed that the device employed by Brahmagupta and 
Mahavira to find the above solutions is to juxtapose 
two rational right triangles—equal in this case—so as 
to, have a common leg. It is indeed a very powerful 
device. For, every rational triangle or quadrilateral may 
be formed by the juxtaposition of two or four rational 
‘tight triangles. So, in order to construct such rational 
figures, it suffices to know only the complete solution 
of x? + y? — v? in integers. The beginning of this 
principle is found as early as the Baxdbéyana Sulba (800 
B.C.) wherein is described the formation of a kind of 
brick, called abhayi (born of two), by the juxtaposition 
of the eighths of two suitable rectangular bricks of the 
same breadth (and thickness) but of different lengths. 

Isosceles Triangles with a Given. Altitude. 
Brahmagupta gives a rule to find all rational isosceles 
triangles having the same altitude. He says: 

“The (given) altitude is the producer (karani). Its 
square divided by an optional number is increased and 
diminished by that optional number. The smaller is 
the base and half the greater is the side"? 

That is to say, the sides and bases of rational isosceles 
triangles having the same altitude a are respectively, 


(E+ m). (Ea m) and ( 


where z is any rational number. 


a — m 
m ) 


1 BS), iii. 122 ; Compare Datta, Salba, P. 45, where necessary 
figures are given. 
2 BrSpSi, xviii. 37. 
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In patticular, let the given altitude be 8. "Then 
taking 77 — 4 Prthüdakasvámi (860) obtains the rational 
isosceles triangle (10, 10, 12). 


Pairs of Rational Isosceles Triangles. Mahavira 
gives the following rule for finding two isosceles tri- 
angles whose perimeters, as also their areas, are related 
in given proportions : 


“Multiply the square of the ratio-numbers of the 
perimeters by the ratio-numbers of the areas mutually 
and then divide the larger product by the smaller. 
Multiply the quotient by 6 and 2 (severally) and then 
diminish the smaller by unity : again (find severally) the 
difference between the results, and twice the smaller 
one: these are the two sets of elements forthe figures 
to be generated. From them the sides, etc., can be 
obtained in the way described before." 


If (5, 5g) and (Ap Ag) denote the perimeters and 
areas of two rational isosceles triangles, such that 
$4: fg Mt N, Ai: A= $: 4 (1) 
where the ratio-numbets zz, 2, p, 4 are known integers, 


then the triangles will be obtained, says Mahavira, from 
the rectangles generated from 


mb „nP "b np 
( 6 id? wg t)and (4-67 ob nau, 2), 
where 1° > mq, when the dimensions of the first 
are multiplied by # and those of the second by z. 


The dimensions of the isosceles triangle formed 
from the first set of bia are: 


. "m np wp 2 
side = vf (625) 4 + GA 2) ^ 


1 GSS, vii. 157. 
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mp 1), 


i A mg 


p 2 
altitude = m Í (677; 23 Gor 1) E 


and from the second set 


base = 24m 


side = nf GNE +1 1)" + (5 — 2) I, 
_ ep jp 
€ ml es 2 
E = n 2 
altitude = n { (42 e +1 D (4255 — — a) | : 


It can be easily verified that the perimeters and 
areas of the isosceles triangles thus obtained satisfy the 
conditions (1). 

In particular, putting # = n = p = 4 = 1, we have 
two isosceles triangles of sides, bases and altitudes (29, 
40, 21) and (37, 24, 35) which have equal perimeters (98) 
and.equal areas (420). This particular case was treated 
by Frans van Schooten the Younger (1657), J. H. Rahn 
(1697) and others.! 


- It is evident that multiplying the above values by 
mg? we get pairs of isosceles triangles whose dimen- 
sions are integral, 

Rational Scalene Triangles. Brahmagupta says: 

“The square of an optional number is divided twice 
by two arbitrary numbers; the moieties of the sums of 
the quotients and (respective) optional numbers are the 
sides of a scalene triangle; the sum of the moieties of the 
differences is the base.’ 


1 Dickson, Numbers, Il, p. 201. 2 BrSpSi, xii. 34. 
15 
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That is to say, the sides of a rational scalene triangle 
are 


2 2 2 2 
+p), M+ 9). MS — 2) 307 — 9) 


where z, p, q ate any rational numbers. The altitude 
(z), area and segments of the base of this triangle are 
all rational. 

Mahavira gives the rule : 

“Half the base of a derived rectangle is divided by 
any optional number. With*this divisor and the quo- 
tient is obtained another rectangle. The sum of the 
uprights (of these two rectangles) will be the base of 
the scalene triangle, the two diagonals, its sides and the 
base (of either rectangle) its altitude."1 


If m, n be any two rational numbers, the rational 
rectangle (L4B' BH) 
E buic e 


Fig. 5 Fig. 4 
formed from ther ts 
m? — n®, 2mn, m? -- n. 


If p, q be any two rational factors of mm, that is, if 
mn == pq, the second rectangle (AC’CH) is 


Pe q^ 209, pq. 
1 GSS, vii. 1103. 
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. ` e 
Now, juxtaposing these two rectangles so that they do 
not overlap (Fig. 3), the sides of the rational scalene 
triangle are obtained as 


B+ P, nP H Py {Cp P) + (a? — h, 
where mn = pq. Evidently the two rectangles can be 


juxtaposed so as to overlap (Fig. 4). So the general 

solution will be * 
B+ qm gy (Up gn x o — my. 

The altitude of the rational scalene triangle thus obtained 

is 2775 Ot 2pq, its area pq(p? — q?) + mr(m? — n?) and 

the segments of the base are p? — 4? and m — n?, 

In particular, putting / = 12, p — 6, g=8 in 
Brahmagupta's general solution, Prthüdakasvámi derives 
a scalene triangle of which the sides (15, 15), base (14), 
altitude (12), area (84) and the segments of the base 
(5, 9) are all integral numbers. 

In order to get the above solutions of the rational 
scalene triangle the method employed was, it will be 
noticed, the juxtaposition of two rational right triangles 
so as to have a common leg. In Europe, it is found 
to have been employed first by Bachet (1621). The 
credit for the discovery of this method of finding 
rational scalene triangles should rightly go to Brahma- 
gupta (628) but not to Bachet as is supposed by 
Dickson.1 

Triangles having a Given Area. Mahavira 
proposes to find all triangles having the same given area 
A. His rules are: 

“Divide the square of four times the given area by 
three; The quotient is the square of the square of a 
side of the equilateral triangle."? 


1 Dickson, Numbers, II, p. 192. 
2 GSS, vii. 1544. 


Pune Mathematical Physics 


228 ALGEBRA 


*Divide the given area by an optional number; 
the square-root of the sum of the squares of the quotient 
and the optional number is a side of the isosceles tri- 
angle formed. Twice the optional number is its base 
and the area divided by the optional number is the 
altitude. 

“The cube of the square-root of the sum of eight 
times the given area and the square of an optional 
number is divided by the product of the optional number 
and that square-root; the quotient is diminished by half 
the optional number which is the base (of the required 
triangle). The satikramana between this remainder and 
the quotient of the square of the optional number 
divided by twice that square-root will give the two 
sides."? 


The last rule has been re-stated differently.? ° 


21. RATIONAL QUADRILATERALS 


Rational Isosceles Trapeziums. Brahmagupta has 
shown how to obtain an isosceles trapezium whose sides, 
diagonals, altitude, segments and area are all rational 
numbers. He says: ' 

“The diagonals of the rectangle (generated) are the 
flank sides of an isosceles trapezium; the square of its 
side is divided by an optional number and then lessened 
by that optional number and divided by two; (the 
result) increased by the upright is the base and Jessened 
by it 1s the face." 


That is to say, we shall have (Fig. 5) 
242 
CD = H — p) + (m — 5, 


1 GSS, vii. 1564. 2 GSS, vii, 1584. 
3 GSS, vii. 1603-1613. 4 BrSpSi, xii. 36. 
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2412 
ABSa( =P) n cun. 
AD = BC = e4 nè; 


also 
DH = m? — n, 
2,2 
HC = iC — p). 
252 
AC = BD = (777 +p), 
AH = 20, 
e 2,2 
area ABCD = rin ( E77 — p). 


By choosing the values of m, n and p suitably, the 
values of all the dimensions of the isosceles trapezium 
can be made integral. Thus, starting with the rectangle 
(5, 12, 15) and taking p = 6, Prthüdakasvámi finds, b 
way of illustration, the isosceles trapezium whose flan 
sides = 13, base = 14, and face = 4. Its altitude (12), 
segments of base (5, 9), diagonals (15) and area (108) 
are also integers. 

Mahavira writes : 

“For an isosceles trapezium the sum of the per- 
pendicular of the first generated rectangle and the 
perpendicular of the second rectangle which is generated 
from any (rational) divisor of half the base of the first 
and the quotient, will be the base; their difference will 
be the face; the smaller of the diagonals (of the generated 
rectangles) will be the flank side; the smaller perpendi- 
cular will be the segment; the greater diagonal will be 
the diagonal (of the isosceles trapezium); the greater 
area will be the area and the base (of either rectangle) 
will be the altitude.”! 


1 GSS, vii. 994. 
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The first rectangle (4 A’DH) generated from z, n is 
m? — m. amn, m+ gm. 
If p, q be any two rational factors of half the base of 
this rectangle, that is, if pg = wm, the second rectangle 
(AB’CH) from these factors will be 
P— P, zpq, f^ g 

By judiciously juxtaposing these two rectangles, we 
shall obtain an isosceles trapezium of the type required 


(ABCD): 


A 
pores 
i 
' 

t 
D 
t 
L 
i] 
1 
! 
! 
' 
J 
i 


Fig. 5 


CD = (p — F’) + (9? — n, 
AB = (pt — 4?) — (9 — 98), 
AD = BC = m? + n, if m- P< p+ 9’, 
DH = z — n?, if m — P < p®? — 4, 
AC = BD = pP + g if PH g* > m+ n, 
AH = zn = iq, 
area ABCD =.2pq (p? — q?), 
if 254 (p? — q> zmn(m? — m). 
The necessity of the conditions z? -+ ;? < P+ es 
m? — n? < p? — g*, etc., will be at once realised from a 
glance at Figs. 5 and 6. The above specifications of the 


dimensions of a rational isosceles trapezium will give 
Fig. 5. But when the conditions are reversed so that 
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m+ a> p+ gi, mi — n >p gi, ipg(p—q) 
<2mn(m? — n?) the dimensions of the isosceles tra- 
pezium (Fig. 6) ate : 


"d 


& 

a 

b. 
s 


21 
t 
i 
i 
1 
' 
i 


Gaitis 
z= 
o 


Fig. 6 


CD = (m — s) + (P — 42) 
AB = (n — n°) — (p — g’), 

AC = BD = p + 4, 

DH = m — m, 

AD = BC = m 4+ r, 

AH = 27n = ap, 

area ABCD = zzn(m? — n). 

Pairs of Isosceles Trapeziums. Mahavira gives 
the following rule for finding the face, base and equal 
sides of an isosceles trapezium having an area and altitude 
exactly equal to those of another isosceles trapezium 
whose dimensions are known : 

“On performing the visama-sati&ramata between the 
square of the perpendicular (of the known isosceles 
trapezium) and an optional number, the greater result 
wil be the equal sides of the (required) isosceles tra- 
pezium; half the sum and difference of the smaller result 
and the moieties of the face and base (of the known 
figure) will be.the base and face (respectively of th: 
required figure). 


1 GSS, yii. 1734. 
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Let a, b, e, b, denote respectively the face, base, 
equal sides and altitude of the known isosceles 
trapezium and let a’, d’, c’, //, denote the corresponding 
quantities of the requited isosceles trapezium. Then, 
since the two trapeziums are equal in area and altitude, 
we must have 


v= h, 
Y+a’=b+a, (1) 
bD — a 4? 
and e? — ( : ) = %, 
Or {e + (! — a’)[2} {0 — (^ — a’) /2} = P, 
whence e — (b — ajz =r, 
and e + (b’ — a!y[2 = Blr, 
r being any rational number. Then 
= Me +0), (2) 
p, — a= (Pr — r). (3) 
From (1) and (2), we get 
V = (b+ à)fa + Gr — Ps, (4) 
a = (b + a)]a — (Pir — nya. 5) 


Jf a = 4, b= 14, c= 15, b = 12, taking r= ro, 
we shall have! a’ = 34/5, V = : 56/5, e = 61/5. 


It has been stated above that, if w, #, p, q are rational 
aumbers such that z7? + n? < p? + q?, we must have 


a= (pt — 9) — (PP — 8, 
b= (P — F) + (m2 m 
ec m+ nm, 


b = 2mn = zpq. 


1 GSS, vii. 1743. 
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Substituting these values in (2), (4), (5) we get 
the dimensions of the equivalent isosceles trapezium as 
a’ = (p? — P) — (p° |r — 7) /2, 
bt = (P? — P) + (pel — ns, 

e = (apetlr +r) /2. 
If mw? 4- n? > p? qê, the sides of the pair of isos 
celes trapeziums equal in area and altitude will be 


a = (wh — m) — (P — f’), 
b = (m? = n?) + (p? ul q?), 
6 —p v1 4 
a^ = (m? — m) — (amm lr — 72, 
b? = (m — n?) + (4n? |r — r)/2, 
c = (amr + r)/2. 
These two isosceles trapeziums will also have equal 
diagonals. 


Rational Trapeziums with Three Equal Sides. 
This problem is neatly the same as that of the rational 
isosceles trapezium with this difference that in this 
case one of the parallel sides also is equal to the slant 
sides. Brahmagupta states the following solution of 
the problem : 

“The square of the diagonal (of a generated rect- 
angle) gives three equal sides; the fourth (is obtained} 
by subtracting the square of the upright from thrice 
the square of the side (of that rectangle). 1f greater, 
it is the base; if less, it is the face.’ 


The rectangle generated from », z is given by 
m?— n". omn, m?-L m. 


3 BrSpSi, xii. 57. 
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If ABCD be a rational trapezium whose sides AB, BC, 
AAD are equal, then 


AB = BC = AD = (m + nP, 

CD = 3(2mn)* — (p? — n*y* = 14m" — mA — nA, 
or CD = s(m? — ny: — (2mn)® = sm* + 324 — xor. 

In particular, putting 77 = 2, n= x, Prthüdaka- 
svámi deduces two rational trapeziums with three equal 
sides, viz., (25, 25, 25, 39) and (25, 25, 25, 11). 

The first solution is also given by Mahavira who 
indicates the method for obtaining it. He says: 


“For a trapezium with three equal sides (proceed) 
as in the case of the isosceles trapezium with (the rect- 
angle formed from) the quotient of the area of a genera- 
ted rectangle divided by the square-root of its side 
multiplied by the difference of its elements and divisor; 
and that (formed) from the side and upright."! 


That is to say, from any rectangle (m? — n°, 2mn, 
m? -+ n®), calculate 


Uem) 
V 2mn(m — n) 


Then from wamns(m — n), wamm(m -- s) form the 
rectangle 


= y zma (m + n). 


872n?, qun(m—n?), Amn(m?-- 8). ‘ Q) 
Again from 272, m? — n? form another rectangle 
Gogh — wA — m, amn (m? — s), (m+ s (2) 


By the juxtaposition of the rectangles (1) and (2) 
we get Brahmagupta’s rational trapezium with three 


1 GSS, vii. 1014. 
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equal sides: — e 

CD = 8m + (6m?n? — MA — nA) = 14mm] — in — nt, 

AB = 8u?n* — (m?n? — mi — yf = (m? + P = AD 
= BC, if mp m < amm. 

The segment (CH), altitude (1H), diagonals (1C, 
BD) and area of this trapezium are also rational, for 

CH = 6?n® — nA — 5, 

AH = qran — n°), 

AC = BD = 4mn(m + n°), 
area ABCD = 32° (m? — n). 

Rational Inscribed Quadrilaterals. Brahmagupta 
formulated a remarkable proposition: To find all 
quadrilaterals which will be inscribable within circles 
aud whose sides, diagonals, perpendiculars, segments 
(of sides and diagonals by perpendiculars from vertices 
as also of diagonals by their intersection), areas, and 
also the diameters of the circumscribed circles will be 
expressible in integers. Such quadrilaterals are called 
Brahmagupta quadrilaterals. 


The solution given by Brahmagupta is as follows : 


“The uprights and bases of two right-angled tri- 
angles being reciprocally multiplied by the diagonals 
of the other will give the sides of a quadrilateral of 
uneq tal sides: (of these) the greatest is the base, the least 
is the tace, and the other two sides are the two flanks.” 


Taking Brahmagupta’s integral solution, the sides 
of the two right triangles of reference are given by 


ua, ams, m™s- 
P—quacpq P+ Ps 


1 Br SpS2, xin. 38. 
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where m, n, p, q are integers. Thef the sides of a 
Brahmagupta quadrilateral are 


(e? — PAPH 9), (p* — g*)\(m? + 2%), 
smal? + 49, apg + m. | 4) 


Mahavira says : 


“The base and the perpendicular (of the smaller 
and the larger derived rectangles of reference) multi- 
plied reciprocally by the longer and the shorter diagonals 
and (each again) by the shorter diagonal will be the 
sides, the face and the base (of the required quadrilateral). 
The uprights and bases are reciprocally multiplied and 
then added together; again the product of the uprights 
is added to the product of the bases; these two sums 
multiplied by the shorter diagonal will be the diagonals. 
(These sums) when multiplied respectively by the base 
and perpendicular of the smaller figure of reference will 
be the altitudes; and they when multiplied respectively 
by the perpendicular and the base will be the segments 
of the base. Other segments will be the difference of 
these and the base. Half the product of the diagonals 
(of the required figure) will be the area"! 


If the rectangle generated from m, n be smaller than 
that from P, q, then, according to Mahavira, we obtain 
the rational inscribed quadrilateral of which the sides 
are 


(n — APH gm? + D), (ph — gn? + iy, 
ann p* + qu + 5. 2pq(m? + PF; 
. whose diagonals are 
(apa? — m) + amp? — qon + m), 
(m — Ap? — g?) + mpg) (m + r?) ; 
1 GSS, vii. 1034. 
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whose altitudes are 
(apaq(m? — n?) + zmn p — q?)) 2m, 
(Go? — n®)\(p? — q?) + mnp} (o? — n?) ; 
whose segments ate 
(apa? — m) + amp? — qu — 9, 
(m — PXD — qg ++ amupq) 2m ; 
and whose area is 
b{apq(a® — n?) + amm? — PI — P — a°) 
-+ 4vnpq)(u? 4+- ny. 
Sripati writes : 
“Of the two right triangles the sides and uprights 
are reciprocally multiplied by the hypotenuses; of the 
products the greatest is the base, the smallest is the face 


and the rest are the two flank sides of a quadrilateral 
with unequal sides.” 


Bháskara II gives the rule : 


“The sides and uprights of two optional right 
triangles being multiplied by their reciprocal hypote- 
nuses become the sides : in this way has been derived a 
quadrilateral of unequal sides. "There the two diagonals 
can be obtained from those two triangles. ‘The product 
of the uprights, added with the product of the sides, 
gives one diagonal; the sum of the reciprocal products of 
the uprights and sides is the other"? 


Bháskara 113 illustrates by taking the right triangles 
(3, 4, 5) and (5, xz, 13) so that the resulting cyclic 
quadrilateral is (25, 39, Go, 52). The same example was 


1 SiSe, xiii. 42. ?L, p. 51. 
3 L, p. 52. 
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given before by Mahavira! and Prthüdakasvàmi.? This 
cyclic quadrilateral also appears in the Trisariká of 
Sridhara? and in the commentary of the Aryabhatiya 
by Bháskara I (522). The diagonals of this, quad- 
trilateral are, states Bháskara H, 56 (= 3.12 + 4.5) 
and 63 (= 4.12 + 5.5) (Fig. 7. He then observes: : 


“If the figure be formed by changing the arrange- 
ment of the face and flank then the second diagonal will 
be equal to the product of the hypotenuses of the two 
right triangles (of reference), że., 65.” (Fig. 8). 


By taking the right triangles (5, 4, 5) and (15, 8, 17) 
Bháskara IJ gets another cyclic quadrilateral (68, 51, 40, 
75), whose diagonals are (77, 85), altitude is 308/5, 
segments ate 144/5 and 231/5, and area is 3234.4 (Fig. 9). 
With the sequence of the sides (68, 40, 51, 75) the 


1 GSS, vii. 1044. ? Br $557, xii. 38 (Com.). 
3 Tris, Ex. 8o. 1 L, pp. 46ff. 
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diagonals are (77, 84) (Fig. 10), and with (68, 4o, 75, 51) 
they are (84, 85). (Fig. 11). 


Fig. 11 


The deep significance of Brahmagupta's results 
has been demonstrated by Chasles' and Kummer? 


1 M. Chasles, Aperçu historique sur Porigine ef development des 
méthodes en géométrie, Paris, 1875, pp. 436ff. 

? E. E. Kummer, "Uber die Vierecke, deren Seiten und Dio- 
gonalen rational sind," Journ. für Math., XXXVII, 1848, pp. 1-20. 
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In fact, according to the sequence in which the 
quantities (4) are taken, there will be two varieties of 
Brahmagupta quadrilaterals having them as their sides :, 
(1) onein which the two diagonals intersect at right 
angles and (2) the other in which the diagonals 
intersect obliquely. The arrangement (A) gives a 
quadrilateral of the first variety. For the oblique variety, 
the sides ate in the following order: 
(P — gym? Em», (m — PAE + 2» 

2mn(p? + q*), 2pq(m™ + n*); (B) 

or (p? — (m+ n), zmn + q), 

(mà — n+ 49, 2pq(n® + d | (C) 

Bháskara II points out that the diagonals of the 
Brahmagupta quadrilateral are in the (A) variety, 
2pq(m — n?) + zmn p? — 49), Amnbq- (p?— 9?) — m); 
in (B), 

apq? — 8) + 2mn(p? — q?), (P t qom + n°); 
and in (C), . 

amnpa + (P — GAPE — n), (P? + PAO + 7°). 
The diameter of the circumscribed circlé in every case 
is (2? + 49)? + 2. 

Ganesa (1545) shows that the quadrilateral is formed 
by the juxtaposition of four right triangles obtained 
by multiplying the sides of each of two rational right 
triangles by the upright and base of the other. He 
writes : 

“A quadrilateral is divided into four triangles 
by its intersecting diagonals. So by the juxtaposition of 
four triangles a quadrilateral will be formed: For that 
purpose the four triangles ate assumed in this manner : 
Take two right triangles formed in the way indicated 


Compare also L. E. Dickson, “Rational Triangles and Quadril- 
aterals,” Amer. Math.. Mon., XXVIII, 1921, pp. 244-250. 
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before. If the upright, base and hypotenuse of a 
rational right triangle be multiplied by any arbitrary 
rational number, there will be produced another right 
triangle with rational sides. Hence on multiplying the 
sides of each of the two right triangles by an optional 
number equal to the base of the other and again by an 
optional nnmber equal to the upright of the other, four 
tight triangles will be obtained by the judicious juxta- 
position of which the quadrilateral will be formed.” 


He then shows with the help of specific examples 
(see Figs, 12, 13 & 14) that we can obtain in this way 


Fig. 12 
A ZR 
[7 f $ $5 
0 
Fig..13 . Fig. 14 


16 
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from the same set of two rational right triangles two 
vatieties of ‘rational convex quadrilaterals: One in 
which the diagonals intersect each other perpendicularly; 
and the other in which they do so obliquely. 


Inscribed Quadrilaterals having a Given Area. 
Mahávira proposes to find .all rational inscribed 
rectangles having the same given area (A, say). He says : 

“The squate-root of the exact area is a side of the 
square. ‘The quotient of the area by an optional number 
and that optional number will be the base and upright 
of the rectangle.’ 


For finding all inscribed rational isosceles trapeziums 
having the same area 4 his rule is : 


“The given area multiplied by the square of an 
optional number is diminished by the area of a generated 
rectangle and then divided by the base of that rectangle ; 
the quotient divided by the optional number is the face ; 
the quotient added with twice the upright and divided by 
the optional number gives the base; the base (of the 
generated rectangle) divided by the optional number 
is the altitude ; and the diagonal divided by the optional 
number gives the two flank sides"? 

That is to say, if m? — n°, zn, m?-L- n? be the 
upright, base and diagonal of a tectangle formed from 
m,n, the dimensions of the isosceles trapezium will be 


SA — 2mn(m* — 15?) 


face = ———————À————— 
Ans 
24 — 2. y? 
base = — E esl lc ideb ee + 2(m? — gg) | 
s 2710 

(424 + azn(m? — n?) 
vs 2mns ? 

1 GSS, vii. 146. 3 GSS, vii. 148. 
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27n 


altitude = ——, 
s 
21 y2 
l m?-J-n 
side = T 


where s is an arbitrary rational number chosen such that 
SA  zmn(m—m. 
For the construction of an insctibed trapezium of 
+ three equal sides Mahavira gives the a Bae tule : 


“The square of the given area is¥divided by the 
cube of an optional number and then increased by that 
optional number ; half the result gives the (equal) sides 
of a generated trapezium of three equal sides (having 
the given area) ; twice the optional number diminished 
by the side is the base; and the given area divided by 
the optional number is the altitude.^t 


In other words, the dimensions of an inscribed trape- 
zium of three equal sides having a given area 44 will be 


1 442 
side = 3 +s), ! 

2 ud 
base = 25 — Tee + s), 
altitude = 2 


" 

To find inscribed quadrilaterals having a given area 
Mabávita gives the following rule : 

“Break up the square of the given area into any 
four arbitrary factors. Half the sum of these factors 
is diminished by them (severally), ‘The remainders are, 
the sides of an (inscribed) duapauateral with unequal 
sides."? i 


1 GSS, vii. 150. 
2 GSS, vii. 152. This result follows from the fact that the 


area of a cyclic quadrilateral is VG — a) — de — es — d). 
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Triangles and Quadrilaterals having a Given 
Circum-Diameter. Mahavira proposes to find all 
rational triangles and quadrilaterals inscribable in a circle 
of given diameter. His solution is : 

"Divide the given diameter of the circle by the 
calculated diameter (of the circle circumscribing any 
generated figure of the required kind). The sides of 
that generated figure multiplied by the quotient will be 
the sides of the required figure."1 

In other words, we shall have to find first a rational 
triangle or cyclic quadrilateral; then calculate the dia- 
meter of its circum-circle and divide the given diameter 
by it. ,Dimensions of the optional figure multiplied by 
this quotient will give the dimensions of the required 
figure of the type. 

It has been found before (p. 227) that the sides of a 
rational triangle are proportional to 

m+n, prt gt, (p? — @) + (n — s) 
and its altitude is proportional to 2# (or 299), #, n, b, q 
being any rational numbets-such that mz = pg. The 
diameter of the circle circumscribed about this triangle 
is proportional to 
CERCETA 
2n i 

Then the sides of a rational triangle inscribed in a 

citcle of diameter D will be 


2mnD = amuD mo p — a) + (22 — n). 


P+ spam (2 + a) + 4")? 
and its altitude will be 
D(amny 


(p cr PX? + y 


1 GSS, vii. 221j. 
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The dimensions of a rational inscribed quadrilateral, 
as stated by Mahavira, have been noted before (p. 236). 
The diameter of its circum-circle is 


(P + PNPP + n. 
Then, according to Mahavira, the sides of a rational 
quadrilateral inscribed in a circle of diameter D, are 


2... 42 
Dra)» Drea)» DC, ), an 
its diagonals are 


{2pq (m? — n°) + zmn (p° — q VEFAT 


(ut — Xp? — eo) + Amb mercer ot 
and its area is 
2 
(PFE ore ay ane — P) + amp? — 49) 
X (n — n?)(p? — 9) + anpa}; 


so that the sides, diagonals and area are all rational. 


22. SINGLE INDETERMINATE EQUATIONS 
OF HIGHER DEGREES 


The Hindus do not seem to have paid much attention 
to the treatment of indeterminate equations of degrees 
higher than the second. Some interesting examples 
involving such equations are, however, found in the 
works of Mahavira (850), Bháskara II (1150) and 
Narayana (1550). 

.Mahávira's Rule. One problem of Mahávira is as 
follows : 

Given the sum (5) of a series in A.P., to find its 
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first term (a), common difference (Pb) and the number 
of terms (7). 

In other words, it is required to solve in rational 
numbers the equation 


(a+ ( 


containing three unknowns a, b and z, and of the 
third degree. The following rule is given for its 
solution : 

“Here divide the sum by an optional factor of it ; 
that divisor is the number of terms. Subtract from the 
quotient another optiónal number; the subtrahend is 
the first term. The, remainder divided by the half of 
the number of tetms as diminished by unity is the 
common difference."t 

Bháskara's Method.  Bháskara II proposes the 
problems : 

“Tell those four numbéts which are unequal but 
have a common denominator, whose sum or the sum of 
whose cubes is equal to the sum of their squares,’”* 


If x, y, %, w be the numbers, then 

(1) AIA RAY cS, 

(2) x3 yi + x3 -+ w? = xB y -4 ge wy, 

Let the numbers be x, 2x, 3.x, 4x, says Bhaskara II. 
That is, suppose y = 2x, y = 3x, w = 4x in the above 


5" — I 
2 


jbj” = S, 


1 GSS, vii. 78. 

There are also other problems where instead of s, the given 
quantity is s 4- a, s + b, s +nors+aț+ b - n. (GSS, ii. 83 ; cf. 
also vi. 80). For such problems also the method of solution is the 
samé as before, je., to assume suitable arbitrary values for two 
of the unknowns so that the indeterminate cubic equation.is there- 
by reduced to a determinate linear equation in one unknown. 
(GSS, ii. 82; vi. 517). 

? BBi, p. 55. 
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equations. Then by (1) we get 


16x = 30x?, 
eu 
KS 
Hence XI % W=, 2, 5,1, 
. X 


is a solution of (1). 

Again, with the same assumption, the equation 
(2) reduces to 

100x? = 3ox?, 
S200 0X — 45. 

Hence XI, % W= do, to ro H 
is a solution of (2). 

The following problem has been quoted by Bhâs- 
kara II from an ancient author:  - 


“The square of the sum of two numbers added with 
the cube of their sum is equal to twice the sum of their 
cubes. Tell, O mathematician, (what are those two 
numbers). 

If x, y be the numbers, then by the statement of the 
question 


(x + JF Ge AY = 208 + Y). 
“Here, so that the operations may not become lengthy,” 


says Bháskara II, “assume the two numbers to be 4-+ v 
and 4 — v." So on putting 


x = u+ v, y = u — v, 
the equation reduces to 
Am + 4g? = Lan, 


ot 4u* + 4u = 120%, 
or (24 + 1)? = 127? E 1. 
1 BBi, p. 10r. 
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Solving this equation by the method of the Square- 
nature we get values of z, v. Whence the values of 
(x, y) are found to be (5, 1), (76, 20), etc. 

Náráyana's Rule. Narayana gives the rule : 

*Divide the sum of the squares, the square of the 
sum and the product of any two optional numbers by 
the sum of their cubes and the cube of their sum, and 
then multiply by the two numbers (severally). (The 
results) will be the two numbers, the sum of whose 
cubes and the cube of whose sum will be equal to the 
sum of their squares, the square of the sum and the 
product of them.’ 


That is to say, the solution of the equations 
0) XE —xtR (4) (xc —x y, 
@) xt —G-FX 6) Goo = cr. 


G) HF = w, (6) F = w, 
are respectively 
p _ (m + A (w+ mma 
j ms +. 78 ? ! | a (m + në’ 
(ai) (p + n), 4.1) ee (m + ss | 
[y= omg CETA 
[x = (m + ny E — (m d uym 
j E E 1 (nra 
(2.1) CES (5-1) 4 NOE 
y= PE ns? |l2- (w+ nye? 
| x M í xm 
ms + xP e |» (nu 
G1) mm (6sD. i ; mn? í 
ps (Os Loan E (m -+ nè? 
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where m, n ate rational numbers. 

It will be noticed that the equation (2) can be 

reduced, by dividing out by x +y, to 
x? — xy + --x-cly; 
and similarly (5) can be reduced to 
x+y =i. 

With z; = 1, n= 2 Narayana gives the following 

sets of particular values : 


(1.2) x,y = 3, gt (4.2) x, y = dy, i$ 
(2.2) Sa 1,2 (5.2) x,» =} 2, 
(3.2) X,» = £,$ (6.2) X,)— £35, Xr 


He then observes: “In this way one can find by his 
own intelligence two numbers for the case of difference, 
etc." 

Form ax?^*? + bx?» — y?. For the solution of an 
equation of the form 

axent2 + bx?” = 7, 
where # is an integer, Bhâskara II gives the following 
rule : 

“Removing a square factor from the second side, 
if possible, the two roots should be investigated in this 
case. Then multiply the greater root by the lesser. 
Or, if a biquadratic factor has been removed, the greater 
root should be multiplied by the square of the lesser root. 
The rest of the operations will then be as before"! 


$ 


Suppose ax? + b = s?; then the equation becomes 
y? = xag, 
S0 J= xs. 
The method of solving ax? + b = z? in positive integers 
has been described before. 


1 BBi, p. 102. 
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Two examples of equations of this form occur in 
the BZagamiia of Bhaskara II :! 

(1) 5x* — 100x? = y2, 

(2) 8x8 + 49x4 = y*. 

It may be noted that the second equation appears in 
the course of solving another problem. 


Equation axt -} bx? + c = u*. One very special 
case of this form arises in the course of solving another 
problem. It is? 


(a F xt +e = w, 

ot xt + 22x? + 242 = 28, 
Let # = x?, supposes Bháskara II, so that we get 

x8 — xt = a4? F 24x?, 
Or xA (2x? — 1) = (2a + x?y» 

which can be solved by the method indicated before. 
Another equation is? 
gxt = 23, 


In cases like this “the assumption should be always such,” 
remarks Bháskara II, “‘as will make it possible to remove 
(the cube of) the unknown." So assume # = zx; 
then 

x = hn, 


23. LINEAR FUNCTIONS MADE SQUARES OR CUBES 


Square-pulveriser. The indeterminate equation of 
the type 


bx + ¢= y? 


1 BBi, pp. 103, 107. 2 BBi, p. 103 ; also vide infra, p. 280. 
3 BBi, p. 503 also vide infra, p. 278. 
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is called varga-kuttaka or the “Square-pulveriser,”! inas- 
much as, when expressed in the form 


poe 
b 


= X, 


the problem reduces to finding a square (varga) which 
being diminished by ¢ will be exactly divisible by 5, 
which closely resembles the problem solved by the 
method of the pulveriser (kużfaka). 

For the solution in Zzzegers of an equation of this 
type, the method of the earlier writers appears to have 
been to assume suitable arbitrary values for y and then 
to solve the equation for x. Brahmagupta gives the 
following problems : 

“The residue of the sun on Thursday is lessened 
and then multiplied by 5, or by 10 Making this 
{result) an exact square, within a year, a person becomes 
a mathematician,” ? 

“The residue of any optional revolution lessened 
by 92 and then multiplied by 83 becomes together with 
unity a square. A person solving this within a year is 
a mathematician.’ 


That is to say, we are to solve the equations : 
(1)) 5x — 25 = 9%, 
(2) 10x — roo = 7, 
(3) 83x — 7635 =)”. 
Prthüdakasvámi solves them thus : 
(1.1) Suppose) = 10; then x = 125. Or, put y — 5; 
then x — ro. 
(2.1) Suppose y = 10; then x = 20. 
(5.1) Assume y = 1; then x = 92. 
1 BBi, p. 122. ? Br 5557, xviii 76. 
8 BrSpSi, xviii. 79. 
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He then remarks that by virtue of the multiplicity 
of suppositions there will be an infinitude of solutions 
in every case. But no method has been given either by 
Brahmagupta or by his commentator Prthüdakasvámi 
to obtain the general solution. 


The above method is reproduced by Bháskara II.! 
He has also given the following rule: 


“If a simple unknown be multiplied by the number 
which is the divisor of a square, etc., (on the other side) 
then, in order that its value may in such cases be integral, 
the square, etc., of another unknown should be put 
equal to (the other side). The rest (of the operations) 
will be as described before."? 


: His gloss on this rule runs as follows : 


“In those cases, such as the Square-pulveriser, etc., 
where on taking the root of one side of the equation 
there remains on the other side a simple unknown 
multiplied by the number which was the divisor of the 
square, etc., the square, etc., of another unknown plus 
or minus an absolute term should be assumed for (the 
value of this other side) in order that its value may 
be integral. The rest (of the operations) will be as 
taught before.” 


Bháskara has also quoted from an ancient author the 
following rule : 


“(Find) a number whose square is exactly divisible 
by the divisor, as also its product by twice the square- 
root of the absolute term. An unknown multiplied by 
that number and superadded by the square-root of the 
absolute term should be assumed (for the unknown on 
the other side). If the absolute term does not yield a 
square-root, then after dividing it by the divisor, the 


1 Vide infra, p. 255f. 2 BBi, p. 120. 
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remainder should be increased by so many times the 
divisor as will make a square. If this is not possible, 
then the problem is not soluble." 
Case i Let ¢ bea square, equal to B?, say. Then 

we have to solve 

bx + p? = y. 
The rule says, find p such that 

p? = bq, ipb—br. 


Then assume y= puts; 
whence we get x= qu? + ra. 
Bhâskara II prefers the assumption 
J = bv + B, 
so that we have x = bv? + ar. 


Case ij. Ifcis not a square, suppose ¢ = bm + s. 
Then find s such that 


a+ sb=Pr, 
Now assume J — bu dr. 


Substituting this value in the equation bx + c = »?, 
we get 
bx + ¢ = (bu 4r} 
= bu? + zbru + r?, 
or bx + c — r? = bu? + zbru, 
Or bx + bm — s) = Pu? + zbra. 
: x = bw? + zru — (m — s). 
Example from Bháskara II :? 
7x + 30 = J*. 
On dividing 30 by 7 the remainder is found to be 
2; we also know that 2+ 7.2 = 42, Therefore, we 


1 BBs, p. 121. ? BBi, pp. 120, 121. 
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assume in accotdance with the above rule 

J—mdi4 
whence we get x = 712-484 — 2, 
which is the general solution. 


Cube-pulveriser. The indeterminate equation of 
the type 
bx + ¢= 
is called the ghana-kuttaka ot the “Cube-pulveriser.’’! 
For its solution in integers Bháskara II says : 


“A method similar to the above may be applied 
also in the case of a cube thus: (find) a number whose 
cube is exactly divisible by the divisor, as also its product 
by thrice the cube-root of the absolute term. An un- 
known multiplied by that number and superadded by 
the cube-root of the absolute term should be assumed. 
If there be no cube-root of the absolute term, then after 
dividing it by the divisor, so many times the divisor 
should be added to the remainder as will make a cube. 
The cube-root of that will be the root of the absolute 
number. If there cannot be found a cube, even by so 
doing, that problem will be insoluble."'? 


Case i. Let c= f3. Then we shall have to find p 
such that 


p= bq, spp = br. 
Now assume y= fp B. 
Substituting in the equation bx + p? = 5? we get 
lx + B? = (po + B? 
= pv? + 3puB(pr + 8) + 3, 


or bx = bq? + bri(py + p). 
i x = qg? + ro(py + p). 
1 BBs, p. 122. ? BBs, p. 121. 
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Or, if we assume y = dy + 8, we shall have 
x = DY +. 5Bo(by + B). 


Case ii, es^ a cube. Suppose e = bz +n; then 
find s such that 
n+ sb=r 
Now assume y= er +r, whence we get 
x == b+ roli + r) — (m — s), 
as the general sclution. 
Example from Bháskara II :1 


sx + 6 = 4%, 
Since 6 — 5.1+1 and 14 43.5 = G3, 
we assume J — svt 6. 


Therefore x = 2513 + 18r(5» + 6) + 42, 
is the general solution. 


Equation bx + c= ay?. To solve an equation 
of the type 


a} = bx +c, 
Bháskara II says : 


“Where the first side of the equation yields a root 
on being multiplied or divided? (by a number), there also 
the divisor will be as stated in the problem but the abso- 
lute term will be as modified by the operations.’ 


1 BBi, p. 122. 

2 The printed text has sid ksipid (subtracting or adding). 
After collating with several copies Colebrooke accepted the reading 
hated ksiptá (multiplying or adding). But we think that the correct 
reading should be batra hrivd (multiplying or dividing) For in his 

loss Bháskara.II has employed the terms gapito vibhakio va 
em multiplied or divided). Our emendation is further supported by 
the rationale of the rule. 

3 BBi, p. 121. 
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What is implied is this: Multiplying both sided of 
the given equation by a, we get 
ay? = abx + ac, 
Put 4 = ay, v — ax. "Then the equation reduces to 
#2 = by + ae, 
which can be solved in the way described before. 
We take the following illustrative example with its 
solution from Bháskara II :1 ; 
5)? + 5 = 16x. 
Multiplying by 5, and putting 4— 5y, v= 5x, we get 
g? = 16” — 15. 
The solution of this is 
“w= y +1, 
p 4»? -w- r. 
Therefore, we have 
Q) sy 8w -+ x, 
or (2) 5y = 8w — 1. 
Now, solving by the method of the pulveriser, we get 
the solution of (1) as 


y= 8+ 5, 
w= dag 35 
and that of (2) as 
J= 8t + 3, 
w=5ł-4 2; 


where 7 is any rational number. 


Equation bx + c = ay” After describing the 
above methods Bháskara II observes, ;/yagre' pi yojyamiti 
Sesab or “the same method can be applied further on 


1 BBi, p. 121. 
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(i.e, to the cases of higher powers) "1 Again at the end 
of the section he has added evan buddhimadbbiranyadapi 
: yathé sambhavani jojyam, ie, “similar devices should be 
applied by the intelligent to further cases as far as 
practicable.”? What is implied is as follows : 


(1) To solve wat == y. 
Put x = wg + k. Then 


[^ 


peas zm + nam o die + 


xn 


dee =I Pin — 1) gyn Seem 2 fb 


.. + amg (+ Ey 4- (+ £y 4 c} 
= z farz” + nm NR bed nmz (+ ayi) 
+ (y (MEE 
Now, if 
be 
b 


= a whole number, 


will be an integral number when (1) w = b or 


xm + ¢ 
b 


(2) P is a factor of zz^, nm™-1k, etc. Or, in other words, 
knowing one integral solution of (1) an infinite number 
of others can be derived. 


(2) To solve a =y. 
Multiplying by a”-1, we get 
^ n-1 
qnx" + ca = ya, 


1 BBi, p. 121. 2 BBi, p. 122. 
17 
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Putting 4 = ax, v = ya"-1, we have 
u” + carl 

b 

which is similar to case (1). 


= p, 


24. DOUBLE EQUATIONS OF THE FIRST DEGREE 


The earliest instance of the solution of the simulta- 
neous indeterminate quadratic equation of the type 
x+ a=, 
x+ b = v 
is found in the Bakhsháli treatise. The portion of the 
manuscript containing tbe rule is mutilated. The 
example given in illustration can, however, be restored 
as follows : 

“A certain number being added by five (becomes 
capable of yielding a square-root) ; the same number 
(being diminished by) seven becomes capable of 
yielding a square-root. What is that number is the 
question." 


'That is to say, we have to solve 


Vxt5=4, Vx—7=n. 
The solution given is as follows : 


“The sum of the additive and subtractive is |12|; 
its half | 6 |; minus two |4|; its half is | 2 | ; squared | 4 |. 
‘Should be increased by the subtractive’; (the subtrac- 
tive is} |7]; adding this we get [11]. This is the 
number (required).” m 

From this it is clear that the author gives the 


1 BMs, Folio 59, recto. 
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solution of the equations 


xta=#, x b=; 
as X= f(E m) V+ b, 
m 


where # is any integer.! 


Brahmagupta (628) gives the solution of the general 
case. He says: 

“The difference of the two numbers by the addition 
or subtraction of which another number becomes a 
square, is divided by an optional number and then 
increased or decreased by it. The square of half the 
result diminished or increased by the greater or smaller 
(of the given numbers) is the number (required)? 


ie., x= (3 a)l Te 
4a — b 
m 


or x = ET Fe) Fa, 


where zz is an arbitrary integer. 
The rationale is very simple. Since 


W#oxta P= x thb, 


we have : u — = Ha Fh. 
Therefore 4 — v =M, 
and at+p= RES Eh 


7 
where zz is arbitrary. Hence 
NEPEquES, — a4 8 
cactus RE 


+ m). 


1 In the above solution » is taken to be 2. 
2 BrSpSi, xviii: 74. 
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Since it is obviously immaterial whether # is 
taken as positive or negative, we have 


“= EL n). 

Similarly v = 4(4=" n). 
Therefore x= BE D "pta 
or x= (SG En) 


where z is an arbitrary number. 

Brahmagupta gives another rule for the particular 
case : 

x -+ am, 
Xx — b=, 

“The sum of the two numbers the addition and 
subtraction of which make another number (severally) 
a square, is divided by an optional number and then 
diminished by that optional number. The square of 
half the remainder increased by the subtractive number 
is the number (required). ' 


ie., A E TO b. 


m 


Narayana (1357) says : 

“The sum of the two numbers by which another 
number is (severally) increased and decreased so as to 
make it a square is divided by an optional number and 
then diminished by it and halved; the square of the 
result added with the subtrahend is the other number.”? 


He further states : 


1 BrSpSi, xviii. 73. 2 GK, i. $2. 
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“The difference of the two numbers by which 
another number is incteased twice so as to make it 
a square (every time), is increased by unity and then 
halved. The square of the result diminished by the 
greater number is the other number." 


; gabt 

Wie ge ( EY s 

is a solution of l 
x4-a=r, x+ b= a>hb. 

“The difference of the two numbers by which 
another number is diminished twice so as to make it a 
square (every time), is decreased by unity and then 
halved. The result multiplied by itself and added with 
the greater number gives the other"? 


f. X = fmm 


is a solution of 
x— a= t, x— b= arb. 
The general case 
: ax + i= nu, 
UE] No 
bx + d =1°?, 
has been treated by Bhâskara II. He first lays down the 
rule : ; 
"In those cases where remains the (simple) unknown 
with an absolute number, there find its value by ferming 
an equation with the square, etc., of another unknown 
plus an absolute number. Then proceed to the solution 
of the next equation comprising the simple unknown 
with an absolute number by substituting 1n it the root 
obtained before."? 


1 GK, i. 55. ? GK, 1. 54. 
3 BBi, pp. 117-8. 
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He then proceeds to explain it further : 


“In those cases where on taking the square-root of 
the first side, there remains on the other side the (simple) 
unknown with ot without an absolute number, find there 
the value of that unknown by forming an equation with 
the square of another unknown plus an absolute number. 
Having obtained the value of the unknown in this way 
and substituting that value (in the next equation) further 
operations should be proceeded with. 1f, however, on 
equating the root of the first with another unknown 
plus an absolute number, no further operations remain 
to be done, then the equation has to be made with the 
square, etc., of a known number." 


() Set u = my + a; then substituting in the first 
equation, we get 
x = > (mn? + 2mwa+- a? — c). , 
Substituting this value of » in the next equation, we have 
“(nin + zama + o—c)+ d — $2, (1.1) 
which can be solved by the method of the Square-nature. 


(Z) In the course of working out an example! 

Bháskara Il is found to have followed also a different 
rocedure, which was subsequently adopted by Lag- 

range.? 

Eliminate x between the two equations. Then 

bu? + (ad — be) = a, 

or abu? + k = »?, (1.2) 

where w = av, R = a?*d — abc. 


1 Vide infra, p. 265. 
3 Addition to Euler s Algebra, p. 547. 
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If 4 — r, w = s be a solution of this transformed 
equation, another solution of it will be 


u= rq + PS, 
w = qs + abrp; 
where abp? + x = 4?. Therefore, the general solution 
of (1) is 
x= I(r + ps — £ 
Hs d q P a? 
4 — rq-Eps 
p= i + abrp) ; 


where abp? + 1 = 4? and abr? + ad — abe = 3°. 
Now, a rational solution of the equation 
abp? + 1 = 4? is 
2/ £2 -+ ab 
P—gm—up ISEL 
where fis any rational number. Therefore, the above 
general solution becomes 


2 A 
x= a t aD 2st } — =, 


1 


“= qai r+ al) dc ast P, (1.3) 
p= Scu f sE + ab) + 2abrt P 
where abr? + ad — abe = 8. 


(i) Suppose vc and d to be squares, so that c = a?, 
d —?. Then we shall have to solve 


ax + a? = 22, 


bx + p= 0, 
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The auxiliary equation abr? + a?d. — abe = s? in this 
case becomes 
abr? + (a?8? — aba?) = s?. 
The same equation is obtained by proceeding as in 
case (7) with the assumption v = by + . 


An obvious solution of it is r = a, s = ap. Hence 
in this case the general solution (1.3) becomes 


2 
X = qe ape + ab) + 2aßt}? LA =, 


PEE eae + ab) + za), 


(Se E aby {B( + ab) + zbat}, 
where ¢ is any tational number. 
Putting « = B = 1, 7 = a, and taking the positive 
sign only, we get a particular solution of the equations 


ax+1= #7 
$834) 
as 
_ 8(a 4- £) | 3a -- £6 us a+ 3b 
[ques ppt Tou a— b` 


This solution has been stated by Brahmagupta (628): 


“The sum of the multipliers multiplied by 8 and 
divided by the square of the difference of the multipliers 
is the (unknown) number. Thrice the two multipliers 
increased by the alternate multiplier and divided by 
their difference will be the two roots."'! ' 


It has been described partly by Narayana (1357) 
us: 


t BrSpSi, xviii. 71. 
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“The two numbers by which another number is 
multiplied at two places so as to make it (at every place), 
together with unity, a square, their sum multiplied 
by 8 and divided by the squate of their difference is 

«the other number.” 


We take an illustrative example with its solution 
from Bháskara II : 


“Tf thou be expert in the method of the elimination 
of the middle term, tell the number which being severally 
multiplied by 3 and 5, and then added with unity, be- 
comes a square,” ? 

That is to say, we have to solve - 

3x-- rs, } 

sx + 1 — 22, 
Bháskara II solves these equations substantially as 
follows : : 

(1) Set 4 = 3y + 1; then from the first equation, 

AG» + 27. 
Substituting this value in the other equation, we get 
15)? -+ 10+ r=, 

or (159 + 5) = 151? + 10. 

By the method of the Square-nature we have the solu- 
tions of this equation as 


v=9 v= 71 
15y + 5 = 3j: 15d 5 = a 
Therefore J= 2,18, wo 
Hence l x = 16, 1008, ... 
(2) Or assume the unknown number to be 
x = ig? E 1), 


4 


1 GK, i. 51. 2 BBi, p. 118. 
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so that the first condition of the problem (7.e., the first 
equation) is identically statisfied. Then by the second 
condition 
$(9 — 1) + 1 —?, 
or (suy = 152? + 10. 
Now, by the method of the Square-nature, we get the 
values of (#, v) as (7, 9), (55, 71), etc. Therefore, the 
values of x are, as before, 16, 1008, etc. 
The following example is by Náráyana : 
*O expert in the art of the Square-nature, tell me 
the number which being severally multiplied by 4 and 7 
and decreased by 5, becomes capable of yielding a square- 
root." 
That is, solve: 
4X — 5 = #, 
T4339 = "^ 
Narayana says: “By the method indicated before the 
number is 1, 21, or 1057." 


25. DOUBLE EQUATIONS OF THE SECOND DEGREE 


First Type. The double equations of the second 
degree considered by the Hindus are of two general 
types. The first of them is 

ax? + by? +e = 8, 

ax? + by? 4. of = " 
Of these the more thoroughly treated particular cases 
are as follows : 


2 2 _ 42 
Case i. e TI ree 


1 GK, p. 40. 
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xP te y® — ian 
x? — y2 _ y = y 


Case ii. f 


It should be noted that though the earliest treat- 
ment of these equations is now found in the algebra of 
Bhâskara II (1150), they have been admitted by him 
as being due to previous authors (ddyodábara nam). 


For the solution of (/) Bháskara II assumes! 
x? = 522, y® = 4$? 
so that both the equations ate satisfied. Now, by the 
Method of the Square-nature, the solutions of the equa- 
tion 58? — 1 = x? are (1, 2), (17, 38),...'Therefore, the 
solutions of (7) are 
X= 2 Mas a 
Joa J=34)? 
Similarly, for the solution of (i), he assumes 
x= gio, y= aq 
which satisfy the equations. By the method of the 
Square-nature the values of (y, X) in the equation 
322 + 1 — x? are (4, 9), (72, 161), etc. Hence the 
solutions of (7) ate 
x= 3 x= e 
J558) — yeiqQ4J | 
Bháskara II further says that for the solution of 


equations of the forms (/) and (/) a more general as- 
sumption will be 


x?- pet pa, y? mg; 
where 5, m are such that 
Pim = a square, 


1 BBi, p. to8. 
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the upper sign being taken for Case / and the lower sign 
for Case Z. Both the equations are then identically 
satisfied. Suppose 


P + m = s, 
p— =t., 
Whence s = Tea + n), 


2m2 
pE — — 
E 
where 7 is any rational number. Therefore 
4m* 25 
Pw +( p +a ) 


Here he observes that z? should be so chosen that p 
will be an integer. 


4 
Hence x? = (C my? Fi, ( 
J = ghi 


the upper sign being taken for Case 7 and the lower sign 
for Case 7;. 


2 
Whence “= (= as ")s. 
nad 2m n) 
= }(— — 
n 


j Or, we may proceed in a different way, says Bhâskara 
Since 
(P* + 4") E 2pq 
is always a square, we may assume 
J? = apqu*. 
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For a rational value of y, 254 must be a square. So 
we take 
p= 20, q= n. 

Hence we have the assumption 

x? — (am* +. ut)? F 1, 

yt = asa. } (2) 
the upper sign being taken for Case j and the lower 
sign for Case 7. 

Whence 
A= (2n? + nu, 
y = (2m? — mw. 
]t will be noticed that the equations (1) follow from 
(2) on putting » — w/2z. So we shall take the latter as 
our fundamental assumption for the solution of the 
equations (7) and (#). ‘Then, from the solutions of the 
. subsidiary equations s 
i (4% + nt»? F 1 = x?, 

by the method of the Square-nature, observes Bháskara 
Il, an infinite number of integral solutions of the 
original equations can be derived.t 


Now, one rational solution of 
(4n + rfi 4. x — oe 
is 
digna ue Le 
(am + n*) — re 
emm (am* +- nt) + 7? 
(am* + m)— rE 
Therefore, we have the general solution of 
x24 y2— 1 = 22 | 


x? — y — 1 = 4? 


1 Cf. BBi, p. 110. ` 


Pune Mathematical Physics 


279 ALGEBRA 


as 
Lam pm cmm) 
= Gok my T ma us 


= Ar TR ar(2m? — go 
JU Gamer (am^ + at) — r? 
where z, n, r ate rational numbers. 


For r = s/t, we get Genocchi's solution. 


In particular, put w= 24, n = 1, r= 8/?— 1 in 
(A). Then, we get the solution 


4 /8P8 — 148 (645 — 1 
x= 4(—— ) +i, 4— ar 79 i 
PUE TE dx Ge ma 


Putting # = 7, n = 1, r = 2f + 2t -- 1 in (4), we 
have? 


(P) 


Jol, v = f— -—. 


Agdin, if we put z = /, n = 1, r = 27? in (A), 
we get 
x= 84+ 1, a= 4P(U?- ka! F 
I= 828, v = 4t? (27 — 1). Q 
These three solutions have been stated by Bhâskara 
II in his treatise on arithmetic. He says, 


1 Nouv. Ann. Math., X, 1851, pp. 80-85; also Dickson, 
Numbers, Il, pp. 479. For a summary of important Hindu results 
in algebra see the article of A. N. Singh in the Archeon, 1936. 

2 Here, and also in (c), we have overlooked the negative sign 
of x, y, # and v. 
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“The square of an optional number is multiplied 
by 8, decreased by unity, halved and then divided by that 
optional number. The quotient is one number. Half 
its square plus unity is the other number. Again, unity 
divided by twice an optional number added with tnat 
optional number is the first number and unity is the 
second number. The sum and difference of the squares 
of these two numbers minus unity will be (severally) 
squares." 


“The biquadrate and the cube of an optional number 
is multiplied by 8, and the former product is again in- 
creased by unity. "The results will be the two numbers 
(required)? 


Narayana writes : 


“The cube of any optional number is the first 
number ; half the square of its square plus unity is the 
second. The sum and difference of the squares of these 
two numbers minus unity become squares."? 


That is, if # be an optional number, one solution 
of (77), according to Narayana, is 
n 


2 
armas EG w= (n 4 a), 
deem, v= (gh — 2) Z, 


It will be noticed that this solution follows easily 
from the solution (7) of Bhaskara II, on putting 7 = #/2. 
This special solution was found later on by E. Clere 
(1850).* - 


1 L, p. 13. 2 L, p. 14. 

3 GK, i. 46. 

t Now. Ann. Math., IX, 1850, pp. 116-8; also Dickson, 
Numbers, II, p. 479; Singh, l. c. 
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Now, let us take into consideration the equation 
(4274 + M)? — x = x 
Its solutions are known to be 


I I 
xx y 2m. 
xnl Mm Aces st 

(88 . 2m 


From these, by the Principle of Composition, we 
get respectively two other solutions 


16275 + n5 Wat  ) 
TREE" DE ETE 
__ 32008 + 6n |” MEL UE A 

në BEST 


Therefore, the general solutions of 


x$- (9-4 1 = 42, 
x— pti; 


are 
2m? 2m? +. 72 
gu gw 7 
P, 
a 
_ MB 2m? — n? 7) 
IG? dE LS 


I 
x= pome + 6u?5*), 


y= 


Biim 4^2 772 2 e 
“u= Ar mE + stas? + n), 


v= A67 + yam? — n2); 
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am | 2U?-E om 

XS inm Ui (^) 
48 | 2igS— gg 

prios MESS 


and 


I 4 
Me om + 3n? 274), 


J = Flat + h), 


(P^) 
(mt + nt*y)(azz +. n°), 


4 = — 
2 


y= za ++ (2m? — gt). 


Putting n= r in (4 and (a"), we have the in- 
tegral solutions 
X = 2m, n — 2-1, , 
J = 2M, c ATUS (7.1) 
and 
x = 216m? + 3), 
y= 2m(16mt -+ 1), a) 
u = (1675 + 1)(z2? + 1), Í 
v = (1627 + 1)(2m* — 1). 


Similarly, if we put # = 1 in (D^) and (^), we get 


X = 2: =f 2 ? , 
ca oce Ce) 
and 
x= Wiel oh scie.) gno 
y= MAh+ 1), v= H+ 1) Ra). $ OY 


1 This solution was . given by Drummond (Amer, Math. 
Mon., IX, 1902, p. 232). . 


18 
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The solution (b’.1) is stated by Narayana thus : 


* Any optional number is the first and half its square 
is the second. The sum and difference of the squares 
of these two numbers with unity become capable of 
yielding a square-root.” f 

Case tit, 'Form 

ax? + by = i, } 
adx? p by? +. co = v?, 

For the solution of double equations of this forrn 
Bháskara II adopts the following method: 

The solution of the first equation is x = my, 
4 — ny; where 

an? + b = n, 
Substituting in the second equation, we get 
(az? 4- bD + zs = v®, 
which can be solved by the method of the Square- 
nature. 
Example from Bháskara II :? 
7x? + 8)? — al 
7x? — 85? + I—29)' 
He solves it substantially as follows : 

In the first equation suppose x — zy ; then z — 6y. 

Putting x = 2y, the second equation becomes 

20)? + 1 = 7, 
By the method of the Square-nature the values of y 
satisfying this equation are 2, 36, etc. Hence the solu- 
tions of the given double equation are 


x = 4,72, 
J= 2, 36,5 
1 GK, i. 45. - 2 BBi, p. 119. 
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Case iv. Form 
av? E!) d- e = 2, 
ordre] 

Putting x? + 7? = x Bháskara II reduces the above 


equations to 
ud ee 
(ae + —95 
the method for the solution of which has been given 
before. 
Example with solution from Bháskara II :1 
p URS m 
3(x* — i -+ 3 ty 
Set | x?— j?—$; then 


2z +3 =H, 

4&5 v. 
Eliminating z we get 

349 == zv p 3, 
or (34)? = 62? + 9. 
Whence v = 6, 6o, ... 

34 — 15, 147, ... 
Therefore u = 5, 49, o. 
Hence x? — J? = % = IT, 1199, ... 


Therefore, the required solutions are 
II í II CE de 
s=”) J=}(72 — m). 
where z is an arbitrary rational number. 


1 BBi, p. 119. 
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For m = i, the values of (x,y) will be (6, 5), 
(6oo, 599), ... 
For m = 11, we get the solution (60, 49), ... 
Case v. For the solution of the double equation of 
the general form 
ax? + b + e =g? 
ax? + pt y? M c = a) 
Bhâskara IPs hint! is: Find the values of x, # in the 
first equation in terms of y, and then substitute that value 
of x in the second equaticn so that it will be reduced to 
a Square-nature. He has, however, not given any 
illustrative example of this kind. 
Second Typé. Another type of double mem 
of the second degree which has been treated is 
ax? + bxy + cy? = 22, 
a! x? + xy + ey? + d' = 2j 
The solution of the first equation has been given 
before to be 


MOREM. p b 
r-e- 


» 
u=} [E i)a [> 
where Ais an arbitrary rational number, Putting A — y, 
we have 


PE SA eae a La. 
E 4a? i ) 248 Dh 
u=} ES +1 y 
2 4a* 
I p? b 
——[£4——3— ligJgqj— . 
where HET Cl 4a" ) 24? 


1 Vide supra, pp. 190f.- 
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Substituting in the second equation, we get 

(g'a? + Dar +o) P+ d = 25, 
which can be solved by the method.of the Square-nature. 
This method is equally applicable if the unknown part in 


the second equation is of a different kind but still of 
the second degree. 


Bháskara II gives the following illustrative example 
together with its solution :! 


P+ xy + P= a 
(xt yeti 
Multiplying the first equation by 36, we get 


(6x + 39)? + 2797 = 36%. 

Whence 6x + 37 = TE — 1), 
2 

6u = (7 +a), 


where à is an arbitrary ce number. Taking — y, 
we have j 


6x + 3y = 13, 
or x= $y, 
and u = iy. 


Substituting in the second equation, we get 
56 + 9 = 9r". 


By the method of the Square-nature the values of y 
are 6, 186, ... 


Hence the required values of (x, y) are (10, 6), 
(300, 180), .. 


1 BBi, pp. 107f. Fe 
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26. DOUBLE EQUATIONS OF HIGHER DEGREES 


There are a few problems which involve double 
equations of degrees higher than the second. The 
following examples are taken from Bháskara II : 


Example 1. “The sum of the cubes (of two 
numbers) is a square and the sum of their squares is a 
cube. If you know them, then I shall admit that you 
are a great algebraist."! 


We have to solve the equations 


x24? — 13, 
Ta 


The solution of this problem by Bhâskara II is as 
follows : 


“Here suppose the two numbers to be s?,23?. 
PP eds oe To 2% 
The sum of their cubes is 939. ‘This is by itself a square 

and its square-root is 347. 


*Now the sum of the squares of those two numbers 
is 524, This must be a cube, Assuming it to be equal 
td the cube of an optional multiple of sz and removing 
the factor 3? from both sides (we get x = 25p3, where 
p is an optional number); so, ds stated before, the 
numbers are (putting p = 1) 625, 1250. The assump- 
tion should be always such as will make it possible to 
remove (the cube of) the unknown."? 


In general, assume x = z?, y = n? ; substituting 
in the second equation, we have 


x84 y8 = (gf + iy = 12. 


If - m Log = a square = p°, say, 
then v = px. 
1 BBi, p. 56. 2 BB, pp. 56f. 


Pune Mathematical Physics 


DOUBLE EQUATIONS OF HIGHER DEGREES 279 


Now, from the first equation, we have 
(gà 4 DAZA = WB, 
Assume # = rz; then 


73 
T57 + ge 
Hence we get 
as nr ES 
CES J — (nr > 


where r is any integer and 77, n are such that ` 
m? + 78 =a square. 


One obvious solution! of this equation is # = 1, 4 = 2. 
Hence we get the solution 
Za, = 20, 


This particular PN has E given by Náráyana, 
who says : 


“The square of the cube of an optional number is 
the one and twice it is the other. These divided by 25 
will be the two numbers, the sum of whose squares will 


1 Now #3 + #3 can be made a square by putting 


m= (P+ Pp, n= (P+ gx 


so that m? + nm = (P + 9°). 
Hence the solution of our equation will be , 
x= eee RN 
GUESS IE 
- 


= q 
EFT OF 
Putting r= (p? + PP + s, we have the solution in 
positive integers as L 
x = pp + qU 4 Zs’, 
I = UP + PNB + PPS 


where p, 4, $ are any integral numbers. 
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be a cube and the sum of whose cubes will bea square.” 
He then adds by way of illustration : 

“With the optional number 1, we get the two 
numbers (1/25, 2/25); with 2, (64/25, 128/25); with 5, 
(625, 1250); with 1/2, (1/1600, 1/800); with 1/3, 
(1/18225, 2/18225). Thus by virtue of (the multiplicity 
of) the optional number many solutions can be found." 

Example 2. “O most learned algebraist, tell me 
those various pairs of whole numbers whose difference 
is a square and the sum of whose squares is a cube."? 

That is to say, solve in positive integers 

y—x-—m, 
J? + ox? m 98, 

Bháskara Il's process of solving this problem is as 
follows : 

“Let the two numbers be x, y. Putting their differ- 
ence, y — x, equal to 47, we get the value of x as 
J-— 44. Having thus found the value of x, the two 
numbers become y — #2, y. 

“The sum of their squares = 2y? — 2yz? + 4*. This 
isa cube. Making it equal to 49 and transposing we get 

1S — yt = 2 — 1. 
Multiplying both sides by 2 and superadding #4, we get 
the square-root of the second side = 2y — 4?, and the 
first side = 249 — #4, Dividing out by #4 (and putting 
w for 2y[u?— 1), we get 
24? — y— 9”, 

By the method of the Squate-nature the roots of this 
equation are 

4 — j, 29, or 

w = 7; 41, 


1 GK, i. 50. ? BBi, p. 103. 
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“Then by the rule, ‘Or, if a biquadratic factor has 
been removed, the greater root should be multiplied by 
the square of the lesser root," we get 


2y — 25 = 175, 
.' Of 2y — 841 — 34481. 
Therefore J = 100, 17661, ... 


“Finding the respective values of the numbers, they 
ate (75, 100), (16820, 17661), etc." 


Example 3. “Bring out quickly those two numbers 
of whichthe sum of the cube (of one) and the square 
(of the other) becomes a squate and whose sum also is a 
square.” 


That is to say, solve 
oy H=, Q) 
x-y =. (2) 
This problem has been solved by Bhâskara II in 
two ways, which are substantially as follows : 


First method, From (1) we get 
mT +h) amar) 
where 4 is an arbitrary number. Putting 4 = x, we get 
i u= xH y= f(x? — x). 
Substituting this value of y in (2), we get 
x? -b x nx? 
or (2x + 1} = 87? + x. 


1 The reference is to the rule on p. 249. 
2 BB, p. 107. - 
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By the method of the Square-nature we have 
y—6 y == 35 
au E malc em 
Whence the values of (x, y) are (8, 28), (49, 1176), ... 
Second Method. Assume x = 257, y = 72%, Then 
x +y = 9n? = (30), 
So the equation (2) is satisfied. Now, substituting 
those values in (1) we get 


825 + 4on4 = x7, 


or w8 + 49) = n°. 
If 82? + 49 = 32, 
then u = gy, 


Now the values of w making 8%? 4+- 49 a square 
are 2, 3, 7... Hence the required numbers (x, y) are 
(8, 28), (18, 63), (98, 343), ... 

Example 4. “What is that number which multiplied 
by three and added with unity becomes a cube; the 
cube-root squared and multiplied by three becomes, 
together with unity, a square.”1 


That is to say, solve 
3x c IS a, (1) 
bo Tics, (2) 
It has been solved by Bháskara II thus : 


From (2), by the method of the Square-nature, we 
get the values of (s, v) as (1, 2), (4, 7), (15, 26), ... 
Whence the values of x are 21, 3374/3, ... 


1 BBi, p. 119. This problem is admittediy taken by Bháskara 
II from an earlier writer. 
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Alternatively? we assume 4 = 3y + 1; then from 
the equation (1) we get 
x = Gr T ay x 
Also from (2) we have 
27)? + 18y + 4 — 2? 
= (my — 2)*, say. 

Hence = zm 

m — 27 


Therefore, the required value of x is 


ope (et + “) ES (a + vy fe {ee + um 
m — m2 — 27 
where # is a tational number greater than 5. 

The first of the previous solutions is given by w = 9. 

Double Equations in Several Unknowns. To 
solvea double equation involving several unknowns, 
Bháskara II gives the following hints : 

“When there are square and other powers of three 
or more unknowns, leaving out any two unknowns at 
pleasure, the values of others should be arbitrarily as- 
sumed and the roots investigated."? 

For the case of a single equation, he says : 

"But when there is only one equation, the roots 
should be determined as before after assuming optional 
values for all the unknowns except one." 


27. MULTIPLE EQUATIONS 


There ate some very elegant problems in which 
three or more functions, linear or quadratic, of the un- 
knowns have to be made squares or cubes. The 


1 See BBi, p. 121. ` * BBi, p. 106. 
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following example occurs in the Iu t ĝa of 
Bháskara F (522): 

Example 1. 'To find two numbers x and y such that 
the expressions x + y, x — y, xy + 1 are each a perfect 
square. ; 

Brahmagupta gives the following solution : 


“A square is increased and diminished by another. 
The sum of the results is divided. by the square of half 
their difference. Those results multiplied (severally) 
by this quotient give the numbers whose sum and 
difference are squares as also their product together 
with unity.”? 


Thus the solution is : 

x = Pu? + s, 

J = PU — r°), 

(m2 + n®) + (m2 — m) 
[4(G7* + 069) — (a? — 9p 


any rational numbers. 


where P= m, n being 


Náráyana (1357) says: 

“The square of the square of an optional number is 
set down at two places. It is decreased by the square 
(at one placé) and increased (at another) and then 
doubled. The sum and difference of the results are 
squares and so also their product together with unity."3 


That is, x = 2(pt + p?) 
J = 2(pt — p’), 
where p is any rational number. 
1 J B), viii. 17. ? BrSpSi, xviii. 72. 
3 GK, i. 47. 
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The rationale of this solution is as follows : 
Suppose 
x = 2x?(u* + 47), y = 2x?(u* — n), 
so that x + y are already squares. We have, therefore, 
only to make 
xy + 1 = g(a + stu — n?) + 1 = a square. 
Now 
axi — nt) + 1 = (agit — 1)? + agat — s) 
Hence, in order that xy-+ 1 may be a square, one 
sufficient condition is 
m = s. 
zy? (n+ n®) + (m — n?) 
me BA H 8) — (m — 1) 5] 
Again X = 2 (2 + og?) = 2(z4nt + xum, 
or x = 2(p*+ p’), if p= gn. 
Therefore J = xp — p. 

Example 2. “If thou be expert in mathematics, 
tell me quickly those two numbers whose sum and 
difference are squares and whose product is a cube.” 

That is, solve 

x by= at 


xy =a cube. 


Therefore 272 = 


Bháskara II says : 

“Here let the two numbers be 5s?, 4x?. They are 
assumed suchas will make their sum and difference both squares. 
Their product is 2034. This must be a cube. Putting 
it equal to the cube of an optional multiple? of 10% and 
removing the common factor 73 from the sides as before, 
(we shall ultimately find) the numbers to be 10000, 
12500,” 


1 BBi, p. 56. 2 G.K, i. 49. 
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In general, let us assume, as directed by Bháskara II, 
x = (M A nR, Y= 2mm, 
which will make x + y squares. We have, therefore, 
only to make 
zmn(m? + n)x4 = a cube. 


Let 2zn(m? +- nt — pz, 
Th nd E 
d X 7 amn(n F ny 
_ P+ wp 
Therefore x= (aman 4. pe 
2mnp® 


J7— { 2men(m? +. 52)? 
where m, n, p are arbitrary. 


This general solution has been explicitly stated by 
Narayana thus : 

“The square of the cube of an optional number is 
divided by the square of the product of the two numbers 
stated above and then severally multiplied by those 
numbers. (Thus will be obtained) two numbers whose 
sum and difference are squares and whose product is a 
cube. 

The two numbers stated above? are 42-4- 5? and 
275 whose sum and difference are squares. 

In particular, putting w= 1, # = 2, p = xo, Nara- 
yana finds x = 12500, y = 10000. With other values 
of m, n, p he obtains the values (3165/16, 625/4), 
(62500/117, 250000/507), (15625/1872, 15625/2028); 
and observes: “thus by virtue of (the multiplicity of) 
the optional numbers many values can be found.” 


1 GK, i. 49. 2 The reference is to rule i. 48. 
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Example 3. To find numbers such that each of 
them severally added to a given number becomes a 
square; and so also the product of every contiguous 
pair increased by another given number. 

For instance, let it be required to find four numbers 
such that 


xa, xy + B = E? 
JT e$, dup 
gar, yy + pt. 


w -+ a= sÈ, 

The method for the solution of a problem of this 
kind is indicated in the following tule quoted by Bháskara 
II (1150) from an earlier writer, whose name is not 
known: 

“As many multiple (guga) as the product-interpolator 
(vadha-ksepa) is of the number-interpolator (rZf;-&erepa), 
with the square-root of that as the common difference 
are assumed certain numbers ; these squared and dimi- 
nished by the number-interpolator (severally) will be 
the unknowns."! 


' In applying this method to solve a particular 
problem, to be stated presently, Bhaskara II observes by 
way of explanation : 

"In these cases, that which being added to an 
(unknown) number makes it a square is designated as 
the number-interpolator. The number-interpolator 
multiplied by the square of the difference of tbe square- 
roots pertaining to the numbers, is equal to the product- 
interpolator, For the product of those two numbers 
added with the latter certainly becomes a square. The 
products of two and two contiguous of the square- 
roots pertaining to the numbers diminished by the 


! BBi, p. 68. 
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number-interpolator are the square-roots corresponding 
to the products of the numbers." 


Since x —?— a, y—4?— a, we get 
xy + B = (P — 9? — a) + B 
= (pq — a ++{B — a(g — py}. 
In order that xy -+ B may be a square, a sufficient 
condition is 


a(g — by =B, 
or q=p+ VB[a— p +y, wherey= vB[a. 
Then xy+ 8 = (pq — ay. 
Hence E — pq— a. 


Similarly r—quv serit. 

Thus, it is found that the square-roots p, q, 7, $ 
form an A.P. whose common difference is y (= /f/a). 
Further, we have i 

x=p— a, 

J—(P:Yy-—a, 

xc (p+ 27)? — a, 

w= (p + 3Y} — a, 
as stated in the rule. 


These values of the unknowns, it will be easily 
found, satisfy all the conditions about their products. 
For 


xy t B = {p(p + Y) a’, 
AX +B = (Co Y t 2Y) — «2, 
xw + B = (d 2Y)X(2 + 3Y) — a. 


1 BBs, p. 67. 
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Thus we have 
E =>) (2 + Y) — 4, 
n= (p + Y)(P + 2Y)— 4, 
t = (2 Æ 2y)(p + 3Y) — 95 
as stated by Bhâskara JI. . 
It has been observed by him that the above principle 
is well known in mathematics. But we do not find it 
in the works anterior to him, which are available to us. 
It is noteworthy that-:he above principle will hold 
even when all the fs are not equal. For, suppose 
that in the above instance the second set of conditions 
is replaced by the following : 


xy + By == 53, 
IZ +H Be = n*, 
gv + Pa =, pt 


'Then, proceeding in the same way, we find that 
q—pd ViJe r=q+ VBja s—r-VBya, 
and B—pq—oa q—4r—o C=rs—a, 
It should also be noted that in order that xy + f 


or pg? — alp? + g*) + a? + P may be a square, there 
may be other values of g besides the one specified 


above, namely 4 = p + VBja. We may, indeed, regard 
pg? — a(p? + 97) + o® + Bp = & 

as an indeterminate equation in 4. Since we know one 
solution of it, namely 4 = p +Y, E — P(P + Y) — «a, 
we can find an infinite number of other solutions by the 
method of the Square-nature, 

Now, suppose that another condition is imposed on 
the numbers, vg., 

wx + B’ = ys. 
19 
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` On substituting the values of x and » this condition 
transforms into 

J^ + 6Yp? + (9v? + 20)p? + Govp + a? — 98 + p^ = p?, 
an indeterminate equation of the fourth degree in p. 

In the following example and its solution from 
Bháskara II we find the application of the above 
principle : 

Exaraple. “What are those four numbers which 
together with z become capable of yielding square- 
roots ; also the products of two and two contiguous of 
which added by 18 yield square-roots ; and which are 
such that the square-root of the sum of all the roots 
added by 11 becomes 13. Tell them to me, O algebraist 
friend.” ` 

Solution. “In this example, the product-interpolator 
is 9 times the number-interpolator. The square-root of 
9 is 3. Hence the square-roots corresponding to the 
numbers will have the common difference 3. Let 
them be : 

x, x d 3, x 4-6, «+ 9. 

“Now the products of two and two contiguous of 
these minus the number-interpolator are the square- 
roots pertaining to the products of the numbers as 
increased by 18. So these square-roots are 


xP + 300 a, 
x? + 9x + 16, 
x? -p 15x + 52. 
“The sum of these and the previous square-roots 
all together is 3x?-|- 31x -+ 84. This added with 11 


1 BBi, P 67. 
It wil be noticed that by virtue of tbe last condition the 
problem becomes, in a way, determinate. 
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becomes equal to 169. Hence 
3X? + 31x + 95 = ox? + ox + 169. 
“Multiplying both sides by 12, superadding 961, 
and then extracting square-roots, we get 
6x + 31 = ox + 43. 
eae 
“With the value thus dbtained, we get the values of 
the square roots pertaining to the numbers to be 2, 
5, 8, 11. Subtracting the number-interpolator from the 


squares of these, we have the (required) numbers as 2, 
23, 62, 119.” f 
Example 4. To find two numbers such that 
x—y +k =, 
x+y +4 = 0%, 
x? — yi k? = 8%, 
_ RALPH = gp, 

Bhaskara II says: _ 

“Assume first the value of the square-root pertain- 
ing to the difference (of the numbers wanted) to be any 
unknown with or without an absolute number. The 
root corresponding to the sum will be equal to the 
root pertaining to the difference together with the 
square-root of the quotient of the interpolator of the 
difference of the squares divided by the interpolator for 
the sum or difference of the numbers. The squares of 
these two less their interpolator are the sum and differ- 


ence of the numbers. From them the two numbers can 
be found by the rule of concurrence"! 


1 BBi, pp. 111ff. 
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That is to say, if » is any rational number, we. 
assume 
n= v + a, 
where a is an absolute number which may be o. Then 
y= (w + a) +- V &'[&. 
Now x*— y+ k = (x — x ty) + k 
= (8? — R2 — k) + & 
= gy? — &(at + v?) + £2 4- K'. 
One sufficient condition that the right-hand side may be 
a square is 
ko — uy. = k, 
Or yout VK Ík, 
which is stated in the rule. Therefore, 
x — y = (w + ay — &, 
x+y = (w tat VERE — &. 
Hence x = {0 + o)? + w a+ VRIR — 2k}, 
I =H xad VEJR — w+ a). 
Now, if y denotes V &'[&, we get 
x? 4 y? ag + ay + (3Y? — 2k) 
+ 2v(y? — kju + ME A M? — Ey. 
So it now remains to solve 
w+ 2yn + (3Y? — z&yg? + 2y(Y? ~ Aya 
TOME à? — KP + EU, 
which is an indeterminate equation in 4. 


Applications. We take an illustrative example with 
its solution from Bhaskara II. 


“O thou of fine intelligence, state a pair of 
numbers, other than 7 and 6, whose sum and difference 
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(severally) added with 3 are squares ; the sum of their 
squares decreased by 4 and the difference of the squares 
increased by 12 ate also squares; half their product 
together with the smaller one is a cube ; again the sum 
of all the roots plus 2 is a square.”! 


That is to say, if x » y, we have to solve 
x —J + 3 = A 
x yd sg, 
x$— y - 2 = 52, 
LHP — 4 = 2, 
oy + y = p, 
atv+sti+p+2=¢4. 
This problem has been solved in two ways : 


First Method. As directed in the above rule, 
assume 


“=w — 1, 
Then x — y = (w — 1} — 3 = a — 2w — 2, 
x+y = (w = iIi + 2 — 3 =w H w—2. 
Therefore x = m — 2, y= 2%, 


Now, we- find that 
x2 — J? + 12 = (2? — 4}, 
xy + y = m. 
So all the equations except the last one are already 
satisfied. ‘This remaining equation now reduces to 
295 + 3w — 2 = qf. 

Completing the square on the left-hand side of this 
equation, we get 

(4m + 3)? = 84? + 25. 


1 BBs, p. 115. 
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By the method of the Square-nature its solutions are 


475 j q= 175 | 
4 3 —15)' aw + 3 = 495)” 
Therefore W = 5, 125, ... 
Hence the values of (x, y) are (7, 6), (15127, 246), ... 
Second Method. Or assume! a 


x—y t3 =», 
then Xx dy +3 =w yw H 4= (w+ 2Y. 
Whence x = wW 2w — 1, y= 20W +2. 
Now, we find that 
x? — y? + 12 = (9? + 2w — 3)%, 
x? + y? — 4 = (v? + zw 4- 1y, 
by d = + ry. 
Then the remaining condition reduces to 
2m? + Tw + 3 = g. 
Completing the square on the left-hand side, we get 
(4 + 7)? = 89° + 25. 
Whence by the method of the Square-nature, we get 


q=5 q= m) 
497—153) w+ 7= 495)” 
Therefore W = 2, 122, ... 
Hence (x, y) = (7, 6), (15127, 246), ... 


Another very interesting example which has been 
bottowed by Bháskara Il from an earlier writer is the 
following:? 


1 This is clearly equivalent to the supposition, 4 =», 
9 —»--a. 

2 The text is kasyápyudáharanam (“the example of some one"). 
This observation appears to indicate that this particular example - 
was borrowed by Bháskara II from a secondary source ; its primary 
source was not known to him. 
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“Tell me quickly, O sound algebraist, two numbers, 
excepting 6 and 8, which are such that the cube-root of 
half the sum of their product and the smaller one, the 
square-root of the sum of their squares, the square-roots 
of the sum and difference of them (each) increased by 2, 
and of the difference of their squares plus 8, all being 
added together, will be capable of yielding a square- 
root.” ! 


That is to say, if x >y, we have to solve 
V 3og FD + V x* 4- ys + Vix? — y* 4-8 
+ Vet yp 2+ Vey a= ge. 
In every instance of this kind, remarks Bháskara II, 
"the values of the two unknown numbers should be 
so assumed in terms of another unknown that all the 
stipulated conditions will be satisfied." In other words, 
the equation will have to be resolved into a number of 
other equations all of which have to be satisfied simul- 
taneously. Thus we shall have to solve 


x—yp2=H, l 


x+y +H 2= v, 
x3 — yt 8 = 8, 
x+y = 7, 


aC +3) = p, 
atovtsti+p=¢. 
The last equation. represents the original one. 
There: have been indicated several methods of solv- 
ing these equations. 
() Set x = »? — 1, y = zw; then we find that 
x—y+2=(— 19 
X dd: 2c cai, 


1 BBi, p. 110. 
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x3 — p 8 = (3 — gp. 
xP + y? (w? + ry, 
| 369 +) = r. 
So all the equations except the last one are identically 
satisfied. This last equation now becomes 


iy?--34£»—2-d. 
Completing the square on the left-hand side, we get 
(42 + 3)? = 89? + 25. 
Solutions of this are 


atk OE t= eiTe 
49 + 3—= 15)" 4m +3 == 85)" 4w + 3 = 405)’ 
Therefore, we have the solutions of our problem 
as 
(x; y) = (8, 6), (1677/4, 41), (15128, 246), ose 
Or set 
1 x = w? + zw, 
m P = 2 + 2; 
one ab E 22 pum 2x, 
(zz) pe DE 


; x= w+ gy ++ 3, 
r 

PEN "a aw + 4. 

In conclusion Bhaskata Il remarks: “Thus there 
may be a thousandfold artifices ; since they are hidden 
to the dull, a few of them have been indicated here out 
of compassion for them.” 

It will be noticed that in devising the various atti- 
fices noted above for the solution of the problem, 
Bháskara II has been in each case guided by the result 
that if 4 = w + a, then, v = w +- a- V E']&. He has 
simply taken different values of a in the different cases. 


1 BBs, p. 110. 
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Bakhsháli Treatise. The earliest instance of a 
quadratic indeterminate equation of the type axy = bx 
++ d, in Hindu mathematics occurs in the 
Bakchshàli Treatise (c. 200).! The text is very mutilated. 
But the example that is preserved is 


xy = 3x+ 49 F 1, 
of which the solutions preserved are 


wa PET 4 gms, 
JHI+35=4;3 

and 
x= I+4=5, 
y-kCEI,, 16 


Hence, in general, the solutions of the equation 
xy = bx + cy 4- d, 


which appear to have been given are : 


_be+d X mme, 
CEPR D Of EN ee 
y= m+ b; JU ? 


where z is an arbitrary number. 


An Unknown Author's Rule. Brahmagupta (628) 
has described the following method taken from an 
author who is not known now.? 


1 BMs, Folio 27, recto; compare also Kaye’s Introduction $82. 

? Prthüdakasvámi (860) says that the method is due to a 
writer other than Brahmagupta. This is further corroborated by 
Brahmagupta’s strictures on it (vide infra, p. 299). 
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“The product of the coefficient of the factum and the 
absolute number together with the product of the coeffi- 
cients of the unknowns is divided by an optional number. 
Of the optional number and the quotient obtained, 'the 
greater is added to the lesser (of the coefficients of the 
unknowns) and the lesser to the greater (of the coeffi- 
cients), and (the sums) are divided by the coefficient of 
the factum. (The results will be values of the unknowns) 
in the reverse order." 

As has been observed by Prthüdakasvámi, this rule 
is to be applied to an equation containing the factum 
after it has been prepared by transposing the factum term 
to one side and the absolute term together with the 
simple unknown terms to the other. "Then the solutions 
will be, # being an arbitrary rational number, 


x= Ls + e. 


= it be b), 


a 


if b >c and w> ert If these conditions be re- 


versed then x and y will have their values interchanged. 


The rationale of the above solutions can be easily 
shown to be as follows : 


axy = bx + cy + d, 


or axy — abx — acy = ad, 

Or (ax — eyYay — b) = ad + be. 
Suppose ax — ¢ = M, a rational number ; 
then ay — b = ad + be 

m 
1 BrSp5i, xviii, 6o. 
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Therefore x= Lo +e), 


PER 
y= (St 45). 


Or, we may put ay—b—7; 


then we shall have ax — t= ath, 
. 1 sad br 
whence x = (1—5 +e) 
I 
y= Pid + P). 


It will thus be found that the restrictive condition of 
adding the greater and lesser of the numbers 7 and 
(ad + bc)/m to the lesser and greater of the. numbers 
b and ¢ respectively as adumbrated in the above rule is 
quite unnecessary. 


Brahmagupta's Rule. Brahmagupta gives the 
following rule for the solution of a quadratic indeter- 
minate*’equation involving a factum : 

“With the exception of an optional unknown, 
assume arbitrary values fot the rest of the unknowns, 
the product of which forms the factum. The sum 
of the products of these (assumed values) and 
the (respective) coefficients of the unknowns will be 
absolute quantities. The continued products of the 
assumed values and of the coefficient of the factum will 
be the coefficient of the optionally (left out) unknown. 
Thus the solution is effected without forming an equation 
of the factum. Why then was it done so?" 

The reference in the latter portion of this rule is 
to the method of the unknown writer. The principle 


1 BrSpSi, xviii. 62-3, vide supra, p. 297. 
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underlying Brahmagupta's method is to reduce, like the 
Greek Diophantus (v. 275). the given indeterminate 
equation to a simple determinate one by assuming 
arbitrary values for all the unknowns except one. So 
it is undoubtedly inferior to the earlier method. 
Brahmagupta gives the following illustrative example : 

*On subtracting from the product of signs and 
degtees of the sun, three and four times (respectively) 
those quantities, ninety is obtained. Determining the 
sun within a year (one can pass as a proficient) mathe- 
matician,"? 

If x denotes the signs and y the degrees of the sun, 
then the equation is 

Xy — 3X — 4y = 90. 

Thus this problem, as that of Bháskara II (zzfza), appears 
- to have some relation with that of the Bakhsháli work. 
Prthüdakasvámi solves it in two ways. Firstly, he as- 
sumes the arbitrary number to be 17, then 


x= HLEA Y 4) = 10, 


= LOT + 3) = 20. 


Secondly, he assumes arbitrarily y — 20. On substituting 
this value in the above equation, it reduces to 

20x — 3X = 170; 
whence x = 10. 

Mahavira’s Rule. Mahavira (850) has not treated 
equations of this type. There are, however, two pro- 
blems in his Ganite-séra-samgraha which involve similar 
‘equations. One of them is to find the increase or 


1 Heath, Diophantus, pp. 192-4, 262. 
2 BrSpSi, xviii. 61. 
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Gecrease of two numbers (a, 4) so that the product of 
the resulting numbers will be equal to another optionally 
given number (7). Thus we are to solve 


(a xc Xb +3) = 4, 
or xy + (bx + ay) = d — ab. 
The rule given for solving this is : 


“The difference between the product of the given 
numbers and the optional number is put down at two 
places. It is divided (at one place) by one of the given 
numbers increased by unity and (at the other) by the 
optional number increased by the other given number. 
These will give in the reverse otder the values of the 
quantities to be added or subtracted.’ 


That is to say, 


"e d ~ ab s d ~ ab 

: d-4- & T b 4-1 
| d~ab |" d c ab 
"avr Juda] . 


Thus the solutions given by Mahávira are much 
cramped. The other problem considered by him is to 
separate the capital, interest and time when their sum is 
given: If x bc the capital invested and y the period of 
time in months, then the interest will be mxy, where m 
is the rate of interest per month. Then the problem 
is to solve 


axy + M+ ym. 


Mahavira solves this equation by assuming arbitrary 
values for y.? 


1 GSS, vi. 284. 2 GSS, vi. 55. 
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Sripati’s Rule. Sripati (1039) gives the following 
tule: 

“Remove the factums from one side, the (simple) 
unknowns and the absolute numbers from the other. 
The product of the coefficients of the unknowns being 
added to the product of the absolute quantity and the 
coefficient of the factum, (the sum) is divided by an 
optional number. The quotient and the divisor should 
be added arbitrarily to the greater or smaller of the 
coefficients of the unknowns. These divided by the 
coefficient of the factum will be the values of the un- 
knowns in the reverse order." 


‘ Y ; __ Lyad+ be 

bb, X == zt e) x= E c) 
Y rad 4- be : 1 
ED $9) dee 


where z is arbitrary. 


Bháskara IPs Rule. Bháskara IT (1150) has given 
two tules for the solution of a quadratic indeterminate 
equation containing the product of the unknowns. His 
first method is the same as that of Brahmagupta:. 

"Leaving one unknown quantity optionally chosen, 
the values of the other should be assumed arbitrarily 
according to convenience. The factum will thus be 
reduced and the required solution can then be obtained 
by the first method of analysis;"? 

Bháskara's aim was to obtain /z/egra/ solutions. The 
above method is, however, not convenient for the 
purpose. He observes: 


"On assuming in this way an arbitrary known 
value for one of the unknowns, the integral values of the 


1 $i$e, xiv. 20-1. 2 BBi, p. 125. 
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two unknowns can be obtained with much difficulty ^t 
So he describes a second method ‘‘by which they can 
be obtained with little difficulty." 


“Transposing the factum from one side chosen at 
pleasure, and the (simple) unknowns and the absolute 
number from the other side (of the equation), and then 
dividing both the sides by the coefficient of the factum, 
the product of the coefficients of the unknowns together 
with the absolute number is divided by an optional 
number. The optional number and that quotient should 
be increased or diminished by the coefficients of the 
unknowns at pleasure. They (results thus obtained) 
should be known as the values of the two unknowns 
reciprocally,’”? 


This tule has been elucidated by the author thus : 


“From one of the two equal sides the factum be- 
ing removed, and from .the other the unknowns 
and the absolute number; then dividing the two 
sides by the coefficients of the factum, the product 
of the coefficients of the unknowns on the other side 
added to the absolute number, is divided by an 
optional number. The optional number and the quo- 
tient being arbitrarily added to the coefficients of the 
unknowns, should be known as the values of the un- 
knowns in the reciprocal order. That is, the one to 
which the coefficient of the ké/aka (the second unknown) 
is added, will be the value of the yévat-tdvat (the first 
unknown) and the one to which the coefficient of the 
yavat-tdvat is added, will be the value of the £/a&z. 
But if, after that has been done, owing to the magnitude, 
the statements (of the problem) are not fulfilled, then 


1 *Byamekasmin vyakte rá$au kalpite sati bahünáyásenabhinnau 


ri jfiáyete" —BBi, p. 124. 
2 BBi, pp. 124f. 
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from the optional number and the quotient, the coeffi- 
cients of the unknowns should be subtracted, and (the 
remainders) will be the values of the unknowns in the 
reciprocal order." 

'Thus Bháskara's solutions are 


[4 , € , 
wr U NES um 

b , b P" d 
b iria Jes eN 


ys . P» 1 
where #’ is any arbitrary number and z' = z ( p: + — 


The rationale of these solutions is as follows : 
axy = bx + cy + d, 

Of E uu e 
a a a 


c b d be , 
or (x-—)(9-s)= Sta = Mn, say. 
Then, either 
x— < = + a x— >= 4n 
b x 
Jy— T +. nf y— >= 
whence the solutions. 

Bháskara's Proofs. The same rationale of the 
above solutions has been given also by Bhâskara II with 
the help of the following illustrative example. He 
observes that the proof “is twofold in every case: one 
geometrical (Asetragata), the other algebraic (rászgaza)."! 

Example. “The,sum of two numbers multiplied 
by four and three, added by two is equal to the product 


1 BBi, p. 125. 
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of those numbers. Tell me, if thou knowest, those 
two numbers." 

Solution. "Having performed the operations as 
stated, the sides are 

Xy = 4x + 3y + a. 

The product of the coefficients of the unknowns plus 
the absolute term is 14. Dividing this by an optional 
number (say) unity, the optional number and the quotient 
are 1,14. To these being arbitrarily added 4, 3, the 
coefficients of the unknowns, the values of (x, y) are 
(4, 18) or (17, 5). (Dividing) by (the optional number) 2, 
(other values will be) (5, 11) or (1o, 6.)’”? 

Geometrical Proof. “The second side of the equation 
is equal to the factum. But the factum is the area of an 
oblong quadrilateral of which the base and upright are 
the unknown quantities. Within this figure (Fig. 15) 
exist four x's, three ys and the absolute number 2. 
From this figure on taking off four x's and y minus four 
multiplied by its own coefficient, (#.¢., 3), it becomes 
this (Fig. 16). 


é- ---— X .----3 
PEP X cA 
4 t » T 
i : x 
H 1 
H t 
i 
i ' 
y y 
H ' 
' L 
i i 
i 4 
Fig. 15 Fig. 16 
The other side of the equation being so treated there: 
1 BBi, pp. 123, 125. ? BBi, p. 125. 
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results 14. This must be the area of the figure remaining 
at the corner (see Fig. 16) within the rectangle represent- 
ing the factum, and is the productof its base and upright. 
But these are (still) to be known here. Therefore, assum- 
ing an optional number for the base, the upright will be 
obtained on dividing the area 14 by it. One of these, 
base and upright, being increased by 4, the cocfficient 
of x will be the upright of the figure representing the 
factum, because when four x's were separated from the 
factum-figure, its upright was lessened by 4. Similarly 
the other being increased by 5, the coefficient of y, will 
be the base ‘They are precisely the values of x and y.” 


Algebraic Proof “This is also geometrical in 
origin. In this the values of the base and upright of 
the smaller rectangle within the rectangle whose base 
and upright are x and y respectively, are assumed to be 
two other unknowns # and v.2 One of them being 
incteased by the coefficient of x will be the value of 
the upright of the outer figure and the other being 
increased by the coefficient of y will be taken to be the 
value of the base of the outer figure. Thus y — 4 + 4, 
x=v-+ 3. Substituting these values of the unknowns 
x, J, on both sides of the equation, the upper side will 
be 34 -- 42 4- 26 and the factum side will be wv + 3# 
J-4»-- 12. On making perfect clearance between 
these sides, the lower side becomes zv and the upper 
side 14. This is the area of that inner rectangle and it is 
equal to the product of the coefficients of the unknowns 
plus the absolute number. How the values of the 
unknowns are to be thence deduced, has been already 
explained." 3 


1 BBi, p. 126. 

2 In the original text they are respectively sf (for si/aka) and pf 
(for pitaka). 

5 BBi, p. 127. 
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Bháskara II further observes : 

‘Thus the proof of the solution of the factum has 
been shown to be of two kinds. What has been said 
before—the: product of the coefficients of the unknowns 
together with the absolute number is equal to the area 
of another rectangle inside the rectangle representing 
.the factum and lying at a corner—is sometimes other- 
wise. For, when the coefficients of the unknowns are 
negative, the factum-rectangle will be inside the 
other rectangle at one corner ; and when the coefficients 
of the unknowns are greater than the base and upright 
of the factum-rectangle, and are positive, the otber 
will be outside the factum rectangle and at a corner, as 
(Figs. 17, 18). 
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Fig. 17 Fig. 18 5 

When it is so, the coefficients of the unknowns lessened 


by tbe optional number and the quotient, will be the 
values of x and y?! 


1 BBi, p. 127. 
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